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4 MST204 5 Introduction 


Introduction 


This unit introduces you to the system of complex numbers, an extension of the 
familiar real number system. One of the most striking differences between the real 
numbers and the complex numbers is the fact that complex numbers have a two- 
dimensional character, whereas real numbers are essentially one-dimensional. This 
two-dimensional aspect of complex numbers leads to a most useful representation 
of them as points in a plane. This generalization will allow us (for example) to find 
the square roots of negative numbers. 


Complex numbers are used in many applications of mathematics. Electrical 
engineering, fluid dynamics and twentieth-century physics are just three areas of 
study whose development has been facilitated by the use of complex numbers. 
Indeed, ‘facilitated’ is too weak a term in the case of modern physics; it is 
probably true to say that if complex numbers had not already been discovered by 
mathematicians, twentieth-century physicists would have had to invent them 
anyway! 


The unit has three major aims: to give you an idea of how and why complex 
numbers arose, to enable you to manipulate them, and to illustrate some of their 
applications. In particular, the unit concludes by finishing the treatment of 
homogeneous second order recurrence relations with constant coefficients, which 
was started in Unit 1, Subsection 2.2. You will see in Unit 6 a similar application 
of complex numbers to solving differential equations. 


Study guide 


If you have studied M101, then most of the material in this unit should already be 
familiar to you, with the exception of Subsections 4.2, 4.3, and 5.3. If you have 
come to this course via MS283 or TM281, however, then the whole of the unit will 
probably be new material. 


Subsection 2.2 can be studied at any stage after Subsection 2.1; but with this 
exception, the unit ought to be studied in the order in which we have presented it. 
This means, in particular, that you should have studied the first three sections 
before watching the TV programme. 
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1 Introducing complex numbers 


1.1 Extending the number system 


If you ask a friend to ‘think of a number’, the number you will almost certainly be 
given is a natural number, i.e. one of the numbers 1, 2, 3,... . These numbers are 
sufficient for the practical purpose of counting discrete objects such as finding the 
number of sheep in a field. In order to answer such questions as ‘which number 
when added to 10 gives 5%, it is necessary to include the numbers 0, —1, —2, 

— 3,... as well as the natural numbers to form the integers. You have probably 
met the negative integers in the context of an overdraft at the bank! 


As soon as we consider division, for example in the problem of dividing one cake 
between seven people, it is necessary to consider fractions as well as the integer 
numbers. We now have the rational numbers, which are numbers of the form m/n 
where m and n may be any integers (positive or negative), except that n cannot be 
zero. The rational number system is arithmetically complete in the sense that the 
result of addition, subtraction, multiplication and division of any two rational 
numbers is also a rational number, with the single exception of division by zero. 


It might appear that the rational numbers give us everything we need to solve 
practical problems. Unfortunately this is not so. The disciples of Pythagoras 
discovered (to their considerable consternation by all accounts) some 2500 years 
ago that it is impossible to express the length of the diagonal of a unit square as a 


rational number. In other words the number ./2 cannot be expressed in the form 

m/n where m and n are integers. Intuitively we feel that we ought to be able to 7 
measure the length of any line, including the diagonal of our unit square. So 

mathematicians found it necessary to extend the rational number system by 

incorporating such numbers as J sin 3, log 4, e, 2, 0.1010010001..., and others 

literally too numerous to mention. These numbers are called irrational numbers M101 and MS283 
and cannot be expressed as fractions. The best that we can do is to express them 

as (non-terminating and non-recurring) decimals. 


The set of all these numbers, both rational and irrational, is known as the real 
number system. Geometrically the real numbers can be expressed by using a single 
coordinate axis. By convention the points to the right of the origin O represent 
positive numbers and points to the left negative numbers. 


This geometric interpretation is known as the number line. 


Exercise 1 

Which of the following equations have a solution using: 
(i) the natural numbers, 

(ii) the integer numbers, 

(iii) the rational numbers, 

(iv) the real numbers? 

The equations are 


X+3-=7 (1) 
x+7=3 (2) 
3x = 5 (3) 
ee (4) 
ee e. (5) 
x? = 25 (6) 
x* =2 (7) 
ae (8) 
ee a ew | ees (9) 
x*7+x+1=0 (10) 


[Solution on p. 50] 
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The point of the above exercise is that each extension of the number system allows 
us to solve a wider range of equations. However, because the square of any real 
number, whether positive or negative, is never negative, equation (8) cannot be 
solved even in terms of the whole real number system. Nor indeed can equation 
(10). In the rest of this unit we will extend our ideas about numbers still further by 
introducing complex numbers. These will allow us to solve equations (8) and (10). 


1.2 The historical development of complex numbers 


Historically one of the first problems in which the square root of a negative 
number occurred was posed by the algebraist Diophantus of Alexandria 

(c. AD 250) in his chief work, the Arithmetica, which was written in thirteen books, 
seven of which have unfortunately been lost to us. He was trying to find the 
dimension of a right-angled triangle which would have area 7 and perimeter 12. If 
x and y are the lengths of the two sides adjacent to the right angle, then the 


hypotenuse has length ./x* + y?. As the area of the triangle is 7, we have 
5xy = 7. (1) 
From the perimeter being 12, we obtain the equation 


xtyt+./x? + y? = 12, (2) 


Re-arranging this last equation in the form 


f/x? +y* =12—x-y, The details of deriving 
‘ ss Equation (4) from Equations 
and then squaring both sides to eliminate the square root, we obtain (1) and (2) are not important. 


x* + y? = 1444 x? + y? — 24x — 24y 4+ 2xy. 
This simplifies to 


12x + 12y —xy —72=0. (3) 
Now from equation (1) we have 
= 
oe 


Substituting this into Equation (3), in order to eliminate y, we have 
ee 0 
x 


which simplifies to the quadratic equation 
6x? — 43x + 84 =0. (4) 


By using the formula for the roots of a quadratic equation it follows that 


43+ ./43*-4x 6x 84 The roots of ax? + bx +c =0 
eee 


2x6 are 
7 —b+./b? — 4ac 
cee Bees v — 167 eo 2a 


12 


As no real number can have a square which is negative, Diophantus concluded 
that the quadratic equation has no solution and that no triangle exists with the 
desired properties. In other words there is no right-angled triangle with area 7 and 
perimeter 12. 


If we look at the graph of the function 
f(x) = 6x? — 43x + 84 


we have another illustration of the fact that the quadratic equation (4) has no 
solution. 
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100 y = 6x* — 43x + 84 


40 


20 


The solution of 6x* — 43x + 84 = 0 would occur where the graph cuts the x-axis. 
The graph does not cut the x-axis, and so the quadratic equation has no real 
solution. 


A similar situation can occur when finding the analytic solution of recurrence Unit 1 
relations. For example, consider the recurrence relation 

Uy = 2u, — 2u, 4; (5) 
with the initial conditions 

Uy = 1, u, = 1. (6) 


The auxiliary equation 
x? —2x+2=0 


has the formal solutions 


24 //(-27-4x1x2 


2 2s 4 


522 /-4 
os 


Again we encounter the difficulty of the square root of a negative number. It 
would be tempting to conclude that the recurrence relation has no solution, but 
this is not the case! 


Exercise 2 

Evaluate u,, u;,...,Ug for the recurrence relation (5) above, subject to the initial 
conditions (6). 

[Solution on p. 50] 


We will return to the method of solution for recurrence relations of this type in 
Subsection 5.3. 


The next developments in the history of complex numbers did not occur until the 
sixteenth century. In 1545 the Italian mathematician and doctor Gerolamo 
Cardano was trying to find two numbers x and y whose sum is 10 and whose 
product is 40. 


Exercise 3 
If x and y have sum 10 and product 40, show that x satisfies the quadratic equation 
x? — 10x + 40 = 0. 


Find the formal solutions of this quadratic equation, which involve the square root of a 
negative number. 
[Solution on p. 50] 
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So as you discovered when trying to solve the above problem, Cardano 
encountered the same difficulty as Diophantus had encountered fourteen hundred 
years earlier. However, the contribution that Cardano made was to argue that if 
we just manipulate the symbol ./—15 formally, that is to say, blindly following 
the rules of algebraic manipulation without worrying about what the symbol 
actually means, then he had found a solution to his problem! If we take x and y 
to be the two solutions that we found in Exercise 3, i.e. 


x=5+,/—-15 and y=5— ./—15, 


then 


x+y=64+ /-19) +6— 12 


and 


xy = (5+ ./-—15)(5 — ./-15) 
=F iy 


=e -1S) 
= 40, 


So our values of x and y do have sum 10 and product 40 as long as we assume 
that ./ —15 can be added, subtracted and multiplied like any ordinary number! 


In spite of much criticism concerning the existence of numbers such as ./ —15, the 
Italian school of mathematicians centred on the University of Bologna continued 
to develop the idea of Cardano. 


This resulted in the publication in 1572 of Rafaello Bombelli’s treatise entitled 

L’ Algebra parte maggiore dell’ arithmetica divisa in tre libri, which contained the 
first serious discussion of complex numbers. In this, for example, he showed that 
by using the square roots of negative numbers he could solve all cubic equations, 
as well as all quadratic equations. More surprisingly, even when the three roots of 
a cubic equation were all real, Bombelli’s method for finding these roots 


sometimes necessitated the introduction of ‘numbers’ such as ./—15. 


Quite naturally these ideas were the subject of great debate among the 
mathematicians of the day. During the seventeenth and eighteenth centuries more 
and more instances were discovered where ‘numbers’ such as ./ —15 facilitated the 
solution of real problems. Nevertheless it was still believed that such numbers did 
not really exist and they were regarded as being rather mystical. This ambivalent 
attitude was held by all great mathematicians for over a century and is reflected 


today when we talk about ‘real numbers’ and ‘imaginary numbers’. These early The nature of mathematics is 
mathematicians did not appreciate that mathematics, unlike physics or chemistry, a subject of continuing 

t hi hich ba il ea eee : controversy. See for example 
is no somet ing which awaits man to iscover its intricacies, ut is in fact man's U202 Inquiry, Units 5 and 6, 
own creation. The square root of —15 exists as soon as we say it does, as long as for a discussion of some of the 
our meaning is consistent with any previous definitions and axioms we may wish different viewpoints. 


to include in the system under consideration. Certainly our motivation for 


considering numbers such as 5 + ./—15 is to solve real physical problems, but the 
mathematical arguments we will use to solve the problems have no physical reality 
themselves. 


Carl Friedrich Gauss (1777-1855), who was one of the greatest mathematicians of 
all time, was the first person to use the name complex numbers for numbers such 


as 5+ ./—15. Their use was only fully accepted after the development in about 
1800 of a geometric representation, which is a generalization of the number line 
representation for real numbers. It was not until 1833 that Sir William Rowan 
Hamilton finally put complex numbers on a logical basis. We will look at the 
geometric representation of complex numbers and Hamilton’s approach to 
complex numbers in the next section. In the remainder of this section we will 
develop the method of Cardano and Bombelli, not only because this came first 
historically, but also because their method involves the notation that we most 
commonly use when manipulating complex numbers. 
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The symbol i to represent ./—1 was first introduced by Euler. If we assume that 
all the usual rules of algebra are applicable, then we can in fact express all 


numbers of the type 5 + ./—15 in a form which just involves this one ‘imaginary’ 
number i. Now 


Jf —15 = ./(-1) x 15 =./—1 x ./15 = i,/15, 


SO 


5+./—-15=5+4+i,/15. 


Following the example of Cardano and Bombelli, we have been led to the 


consideration of entities such as 5 + i,/15 which we will call complex numbers. 
Conventionally a complex number is usually denoted by the single symbol z. 


Bold Hypothesis 
Complex numbers are numbers of the form 


Zz=x+ly 


where x and y are real numbers, and i? = —1. 


At this stage we will not question the validity of this hypothesis, but we will return 
to this in the next section. Let us just say that we cannot think of complex 
numbers in the same way as we have thought of numbers until now, ie. as 
measures! We will, however, assume that they behave like ordinary numbers in 
algebraic manipulations. We treat i in the same way as an algebraic symbol x, 
with the additional property that i? = —1. So, for example, 


A+Wet sae hs SS) 


=4-j 
and 
(3 + 2i)(1 — 3i) = 3 — 914+ 2i — 67° 
= 3-— 91+ 21+ 6 
= 9 — 7i. 
Exercise 4 


Express the following in the form x + iy, where x and y are real numbers: 


(i) (3+ 4i) + (247i) (ii) (3 + 4i)(2 + 7i) 
(ii) (3 + 4i) — (2+ 7i) (iv) (3 + 4i)(3 — 4i) 
Exercise 5 


Express the following in the form a + ib, where a and 5b are real numbers: 


(i) (x, + ivy) + (X2 + iy2) (iti) (x, + iy,)(x, + iy2) 
(ii) (x, + iy) — 2 + ty) (iv) (x + iy)(x — iy) 
[Solutions to Exercises 4 and 5 on p. 50 | 


Rule 
To add, subtract and multiply complex numbers we treat them 


exactly as we would real numbers but replace i* whenever it 
occurs by —1. 


For the complex number z = x + iy, x is called the real part and y the imaginary 
part of z. We write 


x= Rez and += Im. 
Two complex numbers z, = x, + iy, and z, = x, + iy, are equal if, and only if, 
aA, ad yy =F, 


i.e. if, and only if, both their real parts and their imaginary parts are equal. If the 
imaginary part of a complex number is zero, then we say it is purely real, and 


Engineers commonly use j to 


represent ./—1, because they 
use i to denote electrical 
current. 


This means in particular that 
x + iy and x + yi represent 
the same complex number. 
Throughout this unit we will 
use either of these two forms 
as convenient. 


Note that Im z = jy, not iy, so 
that Rez and Imz are both 
real numbers. 
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instead of writing it x + Oi we would usually just write x. If the real part of a 
complex number is zero, then we say it is purely imaginary, and instead of writing 
it 0 + iy we would usually just write iy. 


Exercise 6 
Evaluate Re ((1 + 2i)*) and Im ((1 + 2i)’). 
[Solution on p. 50] 


Earlier in this section we saw that the roots of the quadratic equation 
x* — 10x + 40 =0 


were 


which we can now write in the form 5 + i,/15. Thus we are now in the position of 
being able to find the roots of any quadratic equation, although these roots may 
be complex. 


Exercise 7 
Find the roots of the quadratic equation 
z7—2z+2=0. 
(This is the auxiliary equation of the recurrence relation in Exercise 2.) 
[Solution on p. 50 | 


In Exercises 4 and 5 we saw how to express the sum, difference and product of 
two complex numbers in the form x + iy. It remains to express the quotient of two 
complex numbers in this form. In order to do this we can exploit the results of 
Exercises 4(iv) and 5(iv) (p. 50), where we saw that if we multiply a complex 
number x + iy by the complex number x — iy we obtain a real number, ie. 


(x + iy)(x — iy) =x? + y’. 
Suppose we wish to simplify the quotient 
ZF i 
3+ 41 
If we multiply both numerator and denominator by 3 — 4i we obtain a fraction 
whose denominator is purely real so that it can easily be brought to the standard 
form for a complex number: 
2+ C+HG—4) 64 1-2 
34-4) G4 4G =e 
344+13i 34 13, 
= = 4+ 5. 
25 pa eee = 


Exercise 8 
Simplify 
4+ 6i 
5+i 


Exercise 9 


If z = x + iy, write 1/z in the form a + ib. 
[Solutions to Exercises 8 and 9 on p. 50] 


Rule 
When simplifying the quotient 


X, + iy; 


bee 


we multiply the numerator and denominator by x, — iy,. This 
results in the denominator becoming real, and so we only have to 
divide by a real number. 
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The above process of changing the sign of the imaginary part of a complex 
number is used with sufficient frequency to warrant a terminology and notation of 
its own. 


Definition An alternative notation for the 
complex conjugate is z*. This 
With every complex number is widely used in physics. 


Z=xX+I1y 


we associate the complex conjugate of z, 


Z=xX-— ly. 


Hence 


Rez = Rez and Imz = —Imz. 


Exercise 10 
If z = x + iy, show that 
Gy 24 27 = 2x = 2Rez fe ge — 2 = 2iy = 2i im 2. 


Exercise 11 
Ifz=z, =1+2iand z, =1 +i, show that: 


(i) (Z)=z (iv) (Z,2.) =Z, x Z, 
(ii) (2, +2,)=2, +2, (v) (2,/22) = 2,/2p. 
(ili) (z,; — 2.) =2, —2Z, 


Exercise 12 


Prove results (i) to (v) of Exercise 11 for general z, z,; and z,. 
[Solutions to Exercises 10-12 on pp. 50-51] 


The results of Exercise 12 look rather forbidding. However, all they mean is that 
in order to take the complex conjugate of any expression, no matter how 
complicated, involving complex numbers, we just have to take the complex 
conjugate of each of the individual complex numbers in the expression. For 


example, if 
(4 — 5i)(6 + 7i) 
= (2 ee ss eet SE 
Uae 
then 
$= (0 3*4 (4 + 5i)(6 — 7i) 


(8 — 9i)°? — (10 + 11i)*” 


Summary of Section 1 


We have seen the need to extend the real number system in order to solve 
equations such as 


x +14 =0, 
In order to do this we introduced complex numbers of the form 
Z=x+ly 


where x and y are the familiar real numbers and i* = —1. We have done 
arithmetic and algebra with complex numbers by assuming that they have the 
usual arithmetical and algebraic properties and replacing i? by —1 wherever it 
occurs. We have defined the complex conjugate 


Z=x-—ly 


and seen how to simplify the quotient of two complex numbers by multiplying 
both numerator and denominator by the complex conjugate of the denominator. 


12 MST204 5.2 


2 The geometrical representation of complex 
numbers 


2.1 The Argand diagram 


We saw in Section | how to represent real numbers geometrically using the 
number line. Now a complex number is determined by two real numbers, namely 
the real part and the imaginary part. As a result of this observation, John Wallis 
suggested as early as 1685 in his history of mathematics De Algebra Tractatus: 
Historicus et Practicus that (purely) imaginary numbers could perhaps be 
represented by points on a line perpendicular to the axis of real numbers. Quite 
surprisingly, the obvious step of representing complex numbers as points in a two- 
dimensional plane was not taken until 1797 by the self-taught Norwegian 
mathematician Caspar Wessel. This graphical representation is called the Argand 
diagram after Jean Robert Argand, a Swiss mathematician, who independently 
published an account of the idea from a different viewpoint in 1806. 


In the Argand diagram the complex number x + iy is represented in the plane by 
the point whose Cartesian coordinates are (x,y). For example the point 3 + 2i, 
whose real part is 3 and whose imaginary part is 2, is plotted at the point (3, 2). 


The Argand diagram 


The complex number x + iy is represented geometrically in a 
plane by the point whose Cartesian coordinates are (x, y). 


Exercise 1 
Plot the following numbers on an Argand diagram: 
(i) 2 (vy) 2+i 


(ii) —3 (vi) 2-i 
Gna (vii) —3+4+2i 
(iv) —2i (vii) —3—2i 
[Solution on p. 51 | 


_ As you will have noticed from the above exercise, the real numbers are represented 
by points on the x-axis and the imaginary numbers all lie on the y-axis. Also the 
point representing Z is simply the reflection in the x-axis of the point 

representing z. 


The addition of two complex numbers has an important geometric interpretation. 
The two complex numbers z, = x, + iy, and z, = x, + iy, determine a y 
parallelogram having as two of its sides the line from (0,0) to (x,,y,) and the line 
from (0,0) to (x,,y,). The fourth vertex of the parallelogram is the point 


: ee gy ee ee 
representing Z, + Z>. bg ase 2! 


A similar parallelogram law of addition is used in other contexts too. See the unit 
on vector algebra in this course. 


2.2 Complex numbers as number pairs 


We have seen in Subsection 1.2 that if we allow ourselves the luxury of a ‘number’ 


i (=./—1), we can define in terms of it a mathematical system, which we may 
provisionally call the complex number system, consisting of objects of the form 

x + iy, where x and y are real numbers, together with some rules for manipulating 
the objects in this system. This complex number system is certainly useful, for 
example it allows us to solve any quadratic equation, but it is not however 
mathematically respectable yet for two reasons: 


(1) We introduced the symbol i purely arbitrarily and assumed that its square is 
equal to —1. We have not however defined the ‘number’ i in the terms of anything 
with which we are already familiar. 


(2) We have not shown that the complex number system is consistent. In order 
to explain what could go wrong, let me summarize how we introduced complex 


MST204 5.2 13 


numbers in Subsection 1.2. We basically said: ‘What a pity that we cannot find 
the square root of —1. In order to remedy this unsatisfactory state of affairs, we 


will introduce a new number i = ./—1. Assuming that it obeys the usual laws of 
algebra...’, and so on. Let us consider a similar argument in a similar situation: 
‘What a pity that we cannot find the reciprocal of 0, in the same way as we can 
find the reciprocal of every other number. In order to remedy this unsatisfactory 
state of affairs, we will introduce a new number oo = 0~*. Assuming that it obeys 
the usual laws of algebra...’. However, if we extend the real number system to 
include the new number oo, we are doomed to failure because our new number 
system contains many contradictions! For example, we know that 


oe x 2 (—0). 
Multiplying both sides by 0, 
a: 410-% 1) =: x 1D x 2). 
Using the associative law of multiplication, 
feo. x OG): =e Deion wx 2. 


But by our definition of 00 as the reciprocal of 0, 


mx Os TF 
So 

Lx be to 
Le, 

ia Z 


which is clearly absurd. Returning to the idea of inserting the new number i into 
the set of real numbers, we have no a priori reason for assuming that this will not 
lead to similar contradictions. On the contrary, we have already seen that it leads 
to numbers whose squares are negative, which we know is impossible, for real 
numbers at least! 


In order to overcome the above two difficulties we will now make a fresh start. We 
will circumvent the first difficulty by defining complex numbers in terms of 
concepts with which we are already familiar and do not involve the mysterious 
symbol i. To deal with the second difficulty we need to show that our system is 
free of contradictions. This can be done simply by ensuring that the algebraic rules 
we use in manipulating complex numbers are exactly the same as the ones used for 
real numbers, which we know are free from contradictions. In the -audio-tape 
section we will verify that all these rules do apply to complex numbers. 


In 1833 Sir William Hamilton pointed out that the + sign and the symbol i in 
x + iy are basically used only to separate the x and the y. So he suggested that a 
complex number could be written as an ordered pair of real numbers 


zZ = (x,y). 


This notation fits in well with the Argand diagram where, for example, the 
complex number 2 + 3i is represented by the point with Cartesian coordinates 
(2, 3). 


In fact computers and calculators capable of doing complex arithmetic store 
complex numbers x + iy in the form of number pairs (x, y). Calculations involving 
complex numbers are done directly on the numbers in these registers. For 
example, to add the numbers 3 + 4i and 2 + 7i stored in the machine as (3,4) and 
(2,7), the machine would simply compute the new number pair (5,11) and store it 
in a suitable pair of number registers to represent the answer, the complex number 
5 + 11i. 


Exercise 2 

Write the following complex numbers as number pairs: 
(i) 1 + 21 c.] ee | 

fi. 244 (vy 0 


(1) —3+2i (vi) i. 
[Solution on p. 51] 
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So using Hamilton’s notation, complex numbers are pairs of real numbers. In 
particular, the real number x is (x,0) and the imaginary number iy is (0, y). In our 
previous experiments with the x + iy notation in Subsection 1.2, we found that: 


(1) XxX, + ly, =x, + iy, Wand only if x, = x, and y, = jy, Equality 
(i) (X, + iy,) + (&, + iy.) = (%, + x2) + ify, + yp) Addition 
(ii) = (X, + ty,)(%, + ty.) = (%|X. — yy.) + (x,y, + ¥,X>). Multiplication 


Guided by these rules we are led to the following definition of complex numbers 
as number pairs. 


Definition Note that this definition of 
complex numbers does not 


A complex number z is defined as an ordered pair (x, y) of real involve the symbol i. 


numbers. Complex numbers obey the following rules: 


If z, = (x,,y,) and z, = (x2,y,), then 


(i) 2, = fyi on ony il x, = x, and y, = ¥, Equality 


Gi) 2, 4+ 2= 4+ 5, + yD) Addition 


(ili) 2,25 10) Xs — 495. XH V5 Fe), Multiplication 


Exercise 3 

Using the above rules evaluate z, + z, and z,z, for the complex numbers z, = (3,4) and 
Z, = (2,7). | 

[Solution on p. 51 | 


The rules for the equality and addition of number pairs seem quite natural. But 
the rule for the multiplication of number pairs appears somewhat cumbersome. 
Quite surprisingly, however, it is the only rule for the multiplication of number 
pairs which enables us to satisfy without contradiction all the axioms in the 
definition of a number system. 


On the audio-tape which follows we will see that complex numbers obey the 
axioms of a number system. This means not only that the complex number system 
is consistent and free from contradictions, but also that complex numbers can be 
manipulated using the normal laws of algebra which are based on these axioms. 
Furthermore we will also see how the x + iy notation which we used in the 
previous section fits in with our definition of complex numbers as number pairs. 
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Before starting the tape, read through Frame (Q). 


cy Definition of Complesc Numbers 


A complesc number can be defined as an ordered pair 
of real numbers, !1€: a Complex number can be written 


as (x,y) where both x and y are real numbers. 


Properties of Real Numbers 


Addition Moitiplication 


(‘\) Closure | is areal number r,x rT, (ts a real number 


(2) Commutative 


(3) Identities 
4) Inverses 
add these multiply these multiply these 


two First two first two first 


ae, po ——_—_ | -—_——_ ——~— 
(5) Assoctative if, + 59%" ttt sF,) (4 4G) 45,2 1 * ery) 


Distributive r Kt + mS) “ ax * r,) *: Cr, x r3) 
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€ Addition of Compiesc Numbers 


The formula for addition is 
Cary (egrypy- = feresess eS, 


Excample 


(1, 5) - (2, =o = (1+ 2, 5 + (-!)) 


Problems 


(i) (1,5) + ieee) 
eo (2. “= 


(3) (2, “1 + iG 5) 


@ (apoyeeela,e) = 
(5) {(1, 5) + (2, -1)}+(-1) = 


é) (1,8) +40 +(1,-1)} = 


Properties of Addition of Complex Numbers 
Closure C3 ss, Te a2 oa U2) is a complesc number. 


Commotative (a, ie) ¥ Ce, U2) = ( ee, Yo) + (x, ’ UY.) 
Zero 
(0 ys) + (21 8) 


Inverse zero 


Additive Inverse (x, 4,)+ z 
add these two first 


Se 
Associative {( x > yu) + (xs: 4s t (oc, > Y3) 
add these Gwo frs€ 


= (<r: 5.) es { (xa: 4a)? (5 ’ ) 
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4 Multiplication of Complex Numbers 


The formula for Multiplication is 


* ¥,)( x,» 42) S (x, x, - Sista Ye + 9c) 
‘ers 
ea ae ee Ya) 2 (2, Ba ate —__—__) 


|! 
— 


aR Soc, Reree n 
(xp sola e- ¥,) pa Be . yi, ) 


Example 
baie, =) = (1x2-3x(-1), !x(-N+ 3x2) 
= (2+3,-1+6) 
=e 7 oD 
Problems 


(c.f Soa ne) = ao 
eer ee SS 
@ O:)C2,-32) = eae 
owe ed 
Cosmet 


Properties of Multiplication of Complexe Numbers 


(1) Closure (e154, OS at) is a comp leac mnomb er 


(2) Commutative (eNO ee = Os 4 om 4) 


(3) Unity Pe aCe, o ) cx y.) 


ae x, —Y;, 
(4) Multiplicative Inverse (X,,y,) a , x + =) = (1s : 


uniess (XY) = (0,0) 


(5) eee er {(20¥, Va ™) (x4) U3) = (x, Y 1) { (25 Ya) (x5° 4s) 
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© Properties of Complexe Numbers 


Addition Multiplication 


Closure Z,+Z, 1S & complesc number Z,* Zz |S a Complesc number 


Commutative Z,+Zp = Z, 72, 2 8 Se 


Identities oe (0,0) y ee (1,0) oe oe 


“| 
Inverses t+ (2 = Zee, 7 = 


where (-Z,) where ete 


Associative (zx, + Zs) + Za 


€o Two Problems 


(02a 5)) { (3,4) 3 (-1, 0) 


(2) (av) (a4) + (2.1)(7-2) 


© Distributive Property 


(=; 4.) {(x2. y.) 


Z, (i + Zz = £4, iny + Z, <3 


© Ordering 


Real numbers . a ae 


“| .< 3S 


Complesc numbers 


ls (3,4) greater than or Less than (-!, 10) ¢ 
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® Graphical Representation of Complex Numbers 


= (6,5) 


(1,3) Es, 2) 


@ froviems on tne Graphical Representation 


ee gs cin ~ 


4,3) *(2.) = ae ~ oc 


y 
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On the tape we have investigated the definition of a complex number as a number 
pair with the aim of giving a firm basis on which to build. However, as you 
probably noticed, the notation z = (x, y) is clumsy particularly with respect to the 
rule for multiplication. We will now derive from that definition of a complex 
number as a number pair the Cartesian form of a complex number, 


z=x+J, 


which is more convenient for computation. Historically the development was in 
the other direction: from the Cartesian form z = x + iy to the formal definition as 
a number pair z = (x, y). However, it was this definition as a number pair which 
finally dispelled the mystery surrounding these ‘imaginary’ numbers and finally 


ended the philosophical dispute over the ‘existence’ of such numbers as e — 15. 


Exercise 4 

Use the rules for addition and multiplication of number pairs to evaluate 

(i) (x,,0) + (2,0) (ii) (x,,0) x (x2,0). 

[Solution on p. 51] 

In the solution to the previous exercise you will have noticed that the complex 
numbers of the type (x,0) behave identically to the real numbers x under addition 
and multiplication. For example, (2,0) + (3,0) = (5,0) and (2,0) x (3,0) = (6,0), 
just as 2 +3 =5 and 2 x 3 = 6. Because of this we can agree to write the complex 
number (x,0) just as x. Geometrically this means that the horizontal axis of the 
Argand diagram can be thought of as the real number line. 


Exercise 5 

Consider the particular complex number 
i = (0, 1): 

Verify that 
Pie —f. 

Exercise 6 


Evaluate the following complex numbers, giving your answers as number pairs: 

(i) iy 

(11) x + iy. 

[Solutions to Exercises 5 and 6 on p. 51 | 

Having denoted the complex number (0,1) by the symbol i, we have seen in the 
solution to Exercise 6 that the complex number z = (x, y) can be written in the 
form z = x + iy. Because complex numbers obey the usual laws of algebra, as we 
saw on the tape, we can manipulate x + iy exactly as we would in the normal 
algebra of real numbers. This is precisely what we did in the first section, although 
we had no real justification for doing so at that stage! We are now back where we 
started from with one important difference: we know exactly what complex 
numbers are, namely number pairs, and the mysterious 


j2 
is merely a convenient way of writing a statement about number pairs, namely 
(0, 1)* = (—1,0). 
Summary of Section 2 


In Subsection 1.2 we explored the properties we would like complex numbers to 
have. Guided by this investigation we have formally defined the complex number z 
as a number pair (x, y) with the following laws of addition and multiplication: 
(X15Y1) + (%2, V2) = (Xy + X25Y1 + V2), 
(%15V1)(%25Y2) = (% 1X2 — ViV2.%1V2 + Y1X2). 
We showed that these number pairs could be manipulated in the same way as 
ordinary numbers. 


We saw that the number pair (x,0) could be identified with the real number x. 
Using the symbol i to represent the number pair (0,1), we saw that the complex 
number z = (x,y) could then be written in the Cartesian form 


z=x+ly 


which is the notation we had used previously in our preliminary explorations. 


We met this form in 
Subsection 1.2. 
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We demonstrated the representation of the complex number as the point (x, y) in 
the Argand diagram, and saw that geometrically complex numbers satisfy the 
parallelogram law of addition. 


3. The polar form of complex numbers 


3.1 Polar coordinates 


Points in a plane can be represented by the familiar Cartesian coordinates (x, y), 
or alternatively by polar coordinates [7,0]. In order to avoid any initial confusion, 
we will use round and square brackets in this subsection to distinguish between 
the two coordinate systems. However, the coordinate system we are using is 
usually clear from the context. 


We can specify the position of a point P in the plane by its distance r from the 
origin O and the angle @ between the positive x-axis and the line OP. When P is 
at the origin r is zero; otherwise r is positive. The angle 6 is measured in radians 
with the usual convention that anticlockwise rotations are positive and clockwise 
rotations are negative. 


Exercise 1 
er : 7 
Draw a diagram to show the positions of the points whose polar coordinates are 2 =| 


Tl Tt On 
ES [3,2], [,/2,0}, E 5 2. | 


[Solution on p. 52 | 


If r and @ are known, the point P is uniquely determined. However, one snag that 
arises from the use of polar coordinates is that a point P does not have unique 
polar coordinates. 

T 
4 
same point. If # is the polar angle of P, then so is 0 + 2kz for k = 0, +1, +2,... 


9 
For example, in the last problem, 2 and 2 ; were polar coordinates of the 


; 9 
For example, the point 2 4 has alternative polar coordinates 2 a 


17 7 15 : | 
2, +} ... and also 2, va 2, -* | ... The origin is a particularly bad 


case in that its polar coordinates are [0,6] for any value of the angle @. This 
difficulty with the non-uniqueness of the polar angle @ is rarely a disadvantage 
(indeed it can be an advantage as we will see later!) and can be largely 
disregarded. If it is a problem, we can demand that @ be chosen in the range 
—m <0<7 and take the polar coordinates of the origin O to be [0,0]. This 
choice is called the principal value of 0. 


It is quite easy to change from polar to Cartesian coordinates and vice-versa. If P 
is represented by the Cartesian coordinates (x,y) and the polar coordinates [r, 0], 
then we have 


y= rcs Uy, (1) 
y= rein? (2) 


and conversely 


rae ey, (3) 
. (4) 


sin @ = 


aa 


x 
cos @ = -, 
r 


Exercise 2 


us T 
Find the Cartesian coordinates of the points whose polar coordinates are 2 | Ee 


7 On 
[3, x], [./2, 0], E -5| 2,7 | 


[Solution on p. 52 | 


Beware! The use of square 
brackets to denote polar 
coordinates is not universal. 


M101 and MS283 


Note that in M101 and 
MS283, the principal value of 
0 was defined to be in the 
range 0 < 6 < 2x. Our 
definition is more usual and 
has advantages when 
discussing functions of 
complex numbers. 
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If we were asked to find the polar coordinates of the point whose Cartesian 


coordinates are (1, /J3 ), we would have Remember that r is non- 
negative by definition. 


rat +3 = 2 
and y 
cos 6 fs sin 9 = 
a2 ae 
Exercise 3 
(i) Find the two angles 0, such that —z < 6 < q, for which 


cos 0 = $. 


(ii) Find the two angles 0, such that —z < 6 < a, for which 


/ 


in’ = —. 
sin 5 


(iii) Find the one angle 0, such that —z < 6 < 7, for which 


A 


1 
Q = — d i Q = —, 
COS 7 anda sin 5 


x 
(iv) When changing from Cartesian to polar coordinates, do we need both cos # = — and 
r 
sin @ = se 
r 


(v) Find the two angles 6, such that —2 < 6 <7, for which 


sin 0 J JZ 
tan@ = = +—— = ,/3. 
— cos 6 1/2 v3 
(vi) When changing from Cartesian to polar coordinates, could we find 6 by using the 
single equation 


tan @ = y9 


x 
[Solution on p. 52 | 
The last exercise shows that none of the three equations 
x 
cos ¢ = —, sin 6 a inn = 
r r x 
is sufficient by itself to determine the value of 6. However, the formula 


@ = arc cos 4 
r 


does determine the principal value of 6 apart from its sign. So a simple way of 
determining 0 completely is to use the formula 


xX : 
arc COS | if y>O 


x 
— arc cos a : y= 0, 
r 
Alternatively, 8 can be determined from the formula 
tan 0 = es 
x 


as long as x # 0, and using a diagram to pick the solution of this equation which 
is in the correct quadrant. 


Exercise 4 
Find the polar coordinates of the points whose Cartesian coordinates are 


(i) (—1,1) (i) (—,/3, —1). 
[Solution on p. 52] 
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3.2 The polar form of complex numbers 


If the point in the Argand diagram which represents the complex number 
z =x + iy is defined by polar coordinates [r,@], then using Equations (1), (2) of 
Subsection 3.1 we can express z in terms of r and @ by 


z= rcos@ + irsin0 
= r(cos 8 + isin @). 
( ) (1) 
This is called the polar form of z. 
r is called the modulus of z and written |z|, while 0 is sometimes called ‘the 
argument’ of z. However, because of the non-uniqueness of 8 which we observed in 
Subsection 3.1, it is more correct to call 6 an argument of z. If we require 0 to take 


its principal value, which is unique, then we use the notation @ = Arg z, and call 
this the argument of z. 


For example, if z = 1 + i, then ‘an argument’ of z is any number from the list 


am 9n 172 71 152 


Ag Se 4 gee. 


whereas ‘the argument’ of z is the single number 
7 
Argz = —. 
oe 


Note that this non-uniqueness problem does not affect the polar expression for z 
(Equation (1)), since the quantities cos 9 and sin @ do not depend on which of the 
arguments of z we choose for 0. 


The definition of the modulus of z causes no problems. It is compatible with the 
definition of the modulus |x| of a real number x, given in M101 and MS283, in the 
sense that if z = x + iO, then |z| = |x|. Geometrically, the modulus of a complex 
number is its distance from the origin on the Argand diagram, just as the modulus 
of a real number is its distance from the origin measured along the number line. 


The following box summarizes the above points. 


The polar form of the complex number z = x + iy is the 
expression 


z = r(cos @ + isin 8) 


where 


te ed 


cos 0 = and sin@ a 
r r 


ris called the modulus of z and is written |z|. 0 is called an 
argument of z. The principal value of @ is called the argument of z 
and is written Arg z. 


Exercise 5 
Complete the following table. 


[Solution on p. 53 | 


n=} 


<ifx > 0 
—x ifx <0. 
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In the Argand diagram a complex number z and its conjugate Z are mirror images 
in the x-axis. From this geometric picture it is clear that the modulus of Z is equal 
to the modulus of z, and that in most cases the argument of Z is minus the 
argument of z. There is one exception, however: if Arg z = z (so that z lies on the 
negative real axis), then Z = z, and ArgzZ = Argz = z. Because of this exception, we 
cannot state that Argz = —Argz in general; we must content ourselves with the 
observation that an argument of Z is equal to minus the argument of z. 


Exercise 6 
Show that 
5 a a 


[Solution on p. 53] 
We have seen that if we have an equation 
x +iy=a+ ib, 


then we may equate real and imaginary parts of both sides of the equation to 
obtain 


x= @ and 7 ==. 


It seems reasonable to ask whether there is a similar result for complex numbers 
expressed in their polar form. If 


r(cos 8 + isin 8) = R(cos ¢ + isin @), 


we can certainly conclude that the moduli of the two complex numbers are equal, 
i.e. 


y eR. 


However, arguments of the two complex numbers could differ by an integer 
multiple of 27, 1.e. 


06= 6+ 2knx 
where k is an integer. 


Exercise 7 


If z, = — +i,27,=3+4+ a3 i, evaluate z,z,. Express z,,z, and z,z, in the polar form 
r(cos 6 + isin 8). 
[Solution on p. 53 | 


In the above exercise, you may have noticed that if we write 
Z, =1r,(cos@, + isin@,) and z, =1r,;(cos 6, + isin0,), 
then 
Z,Z, =1,r,(cos (0, + @,) + isin(O, + 8,)). 
We can show that this pretty result is true in general. 


2,2, =1,r, (cos0, + isin 8,)(cos 0, + isin @,) 
= 1r,r,((cos6, cos@, — sin8, sin,) + i(cos 0, sin@, + sin 8, cos @3)) 


= 1r,r,(cos (0, + 0,) + isin (0, + 63)). 


If z, =1r,(cosé, +isin@,) and z, =r, (cos@, + isin@,), then 


Z1,2, =1,r,(cos (6, + 6,) + isin (6, + 4)). 


Exercise 8 


If z, = 2(cos1 + isin1) and z, = 3(cos2 + isin 2), evaluate z,z,, leaving your answer in its 
polar form. 
[Solution on p. 53 | 


In terms of the modulus and the argument, we see that 


|Z425| = |2,| x |Z>| 


cos (0, + 0,) 
= cos 0, cos 0, 
— sind, sin, 
sin (0; + 02) 


= sin@, cos @ 
+ cos 6, sin @, 
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and an argument of z,z, can be obtained just by adding arguments of z, and z,. 
Sadly we cannot say that the principal value of the argument of z,z, is the sum of 
the principal values of the arguments of z, and z,. For example, if we take 


then 
Arg z, = Atgz., = 21. 


3 ae ss 
The sum Argz, + Argz, is equal to = which is outside the principal value range 
—n< Argz<n. 


In fact Arg (z,z,) = Arg (—2i) = —4z. In terms of the principal values, all we can 
say in general is 


Arg (z,z,) = Arg (z,) + Arg (z,) + 2kz 
where k is some integer. 


As you might expect, the polar form of complex numbers is convenient also for 
division. If 


Z, =r, (cos0, + isin0@,) and z, =r, (cos@, + isin 6@,), 
then 
Z, 1, (cosO, + isin9,) 


Z> ry (cos@, +i sin8,) 
_ 1, (cos 6, + isin 0,)(cos@, — isin 8) 
ry (cos6, + isin 6,)(cos 0, — isin 0,) 


_ 1, ((cos 6, cos 6, + sin, sin) + i(sin 6, cos 6, — cos 6, sin 8,)) 


r. (cos” 0, + sin’ 05) 
r — 
= ~ (cos (0, — 0.) + isin (6, — 0,)). cos (8; — 82) 
2 = cos 6, cos 8, + sin 6, sin 0, 
sin (0, — 62) 


= sin 8, cos 0, — cos 6, sind, 
Z, =1r,(cos@, +isin@,) and z, =r,(cos@, +1sin0@,), 


r 


“1 — 1 (cos (0, — 0,) + isin (0, — 95)). 


1 
ro 


In terms of the modulus and argument. 
| Fil 
IZ, | 


Zo 
and 


Arg E = Argz, — Argz, + 2kz, 


2 


where k is some integer. 


Exercise 9 
Express the complex numbers 


z,=14+/3i, z,=./3-i 


in their polar form. Hence evaluate z,/z,. 


Exercise 10 
Express 
1 
cos @ + isin 6 


in the form a + ib. 
[Solutions to Exercises 9, 10 on p. 53] 
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3.3 De Moivre’s Theorem 


In the previous subsection we saw that the product of two complex numbers 
Z, =1r, (cos0, + isin@,) and z, =r, (cos 6, + isin6,) 

iS 
ZZ, =1yr,(cos (6, + 6,) + isin(@, + 6,)). 


This multiplication formula can be generalized to the product of more than two 
complex numbers. 


Let 
Z, = 1,(cos 0, + isin 6,) Sa eae Bee 
Then 
242923 = (Z1Z2)Z3 = (r4r2)r3(cos (0, + ,) + isin (8, + 0,))(cosO3 + isin 03) 
= 1,F13(cos (0, + 0, + 03) + isin (0, + 6, + 43)); 
21292324 = (242 23)Z4 
= (r,rzr3)r4(cos (0, + 0, + 63) + isin (6, + 6, + 03))(cos 6, + isin O,) 
= 112r3I'4(cos (0, + 0, + 0; + 04) + isin (0, + 0, + 03 + O,)); 
MiG 80 Cl eae 


So in any product of n complex numbers, 
Z42723.+.2Z_ =TIgr3...1,(Cos (0, + 0, + 0; +°:-+8,) 
+ isin(@, + 0,+6,+---+46,)). 
A proof by induction of this result is easily constructed. 


In particular, if we take 


ry =r, =7r3 =" =F, = 1, 
, = 0,=0,=°-:=0,=86, 
1<, Z,;=2Z,=°': =z, =cos6 + isin8, 


we obtain the remarkable result 

(cos 0 + isin 8)" = cosné + isin nd, 
where n is any positive integer. 
This formula is called de Moivre’s Theorem. 


Exercise 11 
Express 1 + i in its polar form. Hence use de Moivre’s Theorem to evaluate 
(1 + i)°. 
[Solution on p. 53] 
We have so far shown that de Moivre’s Theorem is true when n is a positive 


integer. It is also true when n = 0 as z° = 1 as usual. If nis a negative integer, say 
n = —m where mis a positive integer, then 


(cos 6 + isin 8)" = (cos 6 + isin @)~™ 


1 
= (cos + isin@y" (because 2-™ = b/2") 
1 (using de Moivre’s Theorem for 
~ (cosm + isin mé) positive integers) 
= cos mé — isin m@ (using Exercise 10) 


= cos (—n@) — isin (—n6@) 
= cos né + isin né (using the properties of cos and sin). 


This completes the proof of de Moivre’s Theorem for all integer values of n. 


De Moivre’s Theorem 


(cos 6 + isin 6)" = cos nO + isin nO 


for any integer value of n. 
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One of the applications of de Moivre’s Theorem is in proving trigonometric 
identities. 


Example 1 
Find formulae for cos 36 and sin 30 in terms of cos @ and sin 6. 


Solution 
Consider (cos 6 + isin 6)”. 


By de Moivre’s Theorem, 
(cos 6 + isin 0)? = cos 36 + isin 30. 
We can also expand (cos @ + isin @)° by using the binomial expansion. So 
(cos 0 + isin 0)* = (cos @)* + 3(cos @)?(isin 0) + 3(cos 6)(i re 0)? + (isin 6)° 
= cos? 6 + 3icos? @sin @ — 3cos @ sin? 6 — isin? 0 
= (cos 8 — 3cos @sin’ @) + i(3 cos? @sin @ — sin? 6). 
Equating these two expressions for (cos 6 + isin 0)°, 
cos 30 + i sin30 = (cos* 0 — 3 cos @sin? 0) + i(3 cos? @sin 8 — sin? 0). 
Equating real and imaginary parts, 
cos 30 = cos? @ — 3cos @sin? 0 
and 
sin 30 = 3cos” @sin 6 — sin? 0. 


The remarkable thing about the previous example is that we obtained ‘real’ results 
by using complex numbers. Of course we could have found these formulae for 

cos 30 and sin 30 without using complex numbers, by expanding cos (26 + @) and 
sin (20 + 0). However, to find the formulae for say cos 170 and sin 170, de Moivre’s 
Theorem is decidedly the quickest method. 


Exercise 12 


(i) Evaluate (cos @ + isin 0)* by using de Moivre’s Theorem. 

(ii) Expand (cos 6@ + isin @)* by using the binomial expansion. 

— (iii) By comparing your results to parts (i) and (11) find formulae for cos 46 and sin 46 in 
terms of cos 6 and sin 0. 


Exercise 13 
In Exercise 10 we showed that 


1 


cos 0 — isin 9@ = —————_-. 
cos @ + isin @ 


Use this result and de Moivre’s Theorem to show that 
(cos 6 — isin 8)" = cosné — isin né 


for any integer values of n. 
[Solutions to Exercises 12 and 13 on p. 53] 


Summary of Section 3 

We defined the polar representation 
z=r(cos@ + isin @) 

of the complex number z = x + iy. The modulus is given by 
r= |z|= Nee ag 


and an argument 0 by 
cos 0 = ~ and sin@ = = 
2 r 


The argument is in the range —z < @ < z and is written as Arg z. 


(a + b)® = a? + 3a7b 
+ 3ab* + b° 
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We found that 
2422] = [24] x [221 

and 
Arg (z,z,) = Argz, + Argz, + 2kx 

where k is some integer. 

If z, =r, (cos@, + isin@,) and z, =r, (cos@, + isin0,), we saw that 
ZZ, =1,1 (cos(0, + 6,) + isin (0, + 6,)) 

and 


=i (cos (0, — 0) + isin (0, — 0)). 
Z> lr, 


We obtained de Moivre’s Theorem: 
(cos 8 + isin 0)” = cos né + isin nd 


for integer values of n, and saw its application to finding trigonometric identities. 


4 kEuler’s formula 


4.1 Definition of the complex exponential (Television Subsection) 


Read the following notes before viewing the television programme. 


So far in this unit we have made sense of expressions involving the addition, 
subtraction, multiplication and division of complex numbers, and we know what TV5 
expressions like (1 + i)®, which raise a complex number to a real integer power, 

mean. However, we have not yet made sense of expressions like 2', e”' or 

it. 


In fact, interpreting the last of these expressions is a difficult task, beyond the 
scope of this course. What the television programme does is to define what it 
means to raise e to an imaginary power; and from there it is a short step to 
making sense of expressions like 2°. 


Why should we begin by choosing to raise the number e to an (imaginary) power? 
The answer is that, in the case of raising e to a real power, we have an expression 
for e* in terms of a power series, and the idea of a power series makes just as much 
sense for complex numbers as for real numbers. 


Exercise 1 
Try to remember the power series expressions for e*, cos x and sin x. (You should have 
come across them in M101, MS283 or the preparatory booklet for TM281 students. 


What do you notice about these series? 


Exercise 2 
(1) Write down the power series expression for e’®. 
(ii) Show that 
e — cos6 + isin 0. 
[Solution to Exercises 1 and 2 on p. 54] 


In the last of the above exercises, you obtained an expression which makes sense 
of raising e to any imaginary power. This expression is known as Euler’s formula. 
Previously we had defined the exponentials of real numbers only, and so we can 
treat Euler’s formula as the definition of the exponentials of imaginary numbers as 
long as we don’t find any contradictions later! 
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Euler’s formula 


e® — cos@ + isin 0. 


= exp (x) means the same as e”, 
Exercise 3 and is often typographically 


Starting from the definition of e’ as cos @ + isin 0, show that preferable. We will use either 
form as convenient. 
exp (i0,) exp (i0,) = exp (i(6, + 0,)). 
[Solution on p. 54 | 


In the television programme we will show how Euler’s formula can be used to 
derive many of the properties of complex numbers which we have already found. 
For example, by using Euler’s formula it is immediately clear why, when 
multiplying two complex numbers, we should add their polar angles. We can also 
use Euler’s formula to look at the powers of a complex number, an immediate 
consequence of which is de Moivre’s Theorem (Subsection 3.3). Finally we will use 
Euler’s formula to look forward to the problem of finding the roots of a complex 
number (Subsection 5.1) and to the consideration of sinusoidal functions 
(Subsection 4.3). 


Now watch the television programme ‘Complex numbers: the exponential form’. 


Read the following notes after viewing the programme. (They summarize the 
programme, and will serve as a substitute for it if you have not been able to 
view it.) 


One immediate consequence of Euler’s formula is that the complex number e”’ has y 
modulus 1 and argument 0, as can be seen from the diagram. What is more, 
Euler’s formula allows us to write the complex number 


e® —cos 6 + / sin 8 


z=x+iy=r(cos@ + isin@) 


sin 8 
in the very neat form 
z=fre 
which is called the exponential form of the complex number. 
Now consider the effect of multiplying the complex number z = x + iy by the 
exponential e’”. 
ze’? = (x + iy)e” 
= xe” + iye’® 
= x(cos 8 + isin 0) + iy (cos @ + isin 8) 
= (x cos 6 + ixsin @) + (—ysin 6 + iycos 6), 


In the Argand diagram xe’ = xcos@ + ixsin@ is at a distance x from the origin 
and at angle 6 with the real axis, whereas iye’ = —ysin 0 + iycos@ is at a distance 
y from the origin and at an angle 6 with the imaginary axis. 


iye*=—y sin6+iycos@ ysing 


xe® =x cos 0+ ix sin 0 
x sin 0 


We can now obtain ze” by adding xe’ and iye”® using the parallelogram law of 
addition. As can be seen from the diagram, ze’ can be obtained from z simply by 
rotating it through an angle 0. 
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zei® — xei® + jyei® 


he 


In particular if we multiply the complex number e’*, which has modulus 1 and 
argument a, by e’”, we obtain a complex number with modulus 1 and argument 
a + 6, which is e**®. So we have obtained the formula 


eit pif _ pilat 0) 


In other words, to multiply two exponentials with imaginary indices, we add the fe 
indices—which is precisely what we would do for real indices. This result embodies 
the result which we obtained in Subsection 3.2, that when multiplying two 
complex numbers we multiply their moduli and add their arguments: 

Z 125 =7, exp (i0; )r, exp (185) 

=r,r, exp (i(0, + 9,)). 

By successively multiplying e” by itself we obtain 

(e'*)" x eind 
If we express the exponential in terms of the cosine and sine functions, we see that 
this is nothing more than de Moivre’s Theorem Subsection 3.3 

(cos 8 + isin 0)” = cosné + isin né. 
In the television programme we asked you to use this theorem to prove that 

cos 20 = cos* 6 — sin? 
and = sin 30 = 3sin@ — 4sin° 6. 


You may have already done part of this in Subsection 3.3, but if not you should 
do it now. 


Exercise 4 


Use de Moivre’s Theorem to show that: 
(i) cos20 = cos* 6 — sin? 0 

(ii) sin30 = 3sin@ — 4sin? 0. 

[Solution on p. 54] 


As well as the powers of a complex number, we can use the exponential form to 
find the roots of a complex number. In the programme we looked for the cube 

; 0 0+2 0 
roots of e’’. These are exp 5 exp | Z | and exp | 
verified by cubing these three numbers. In particular, the cube roots of 1(= e'°) are 


Tees fo 


2 4 
exp (10) = 1, exp i] = ——-+ +— i, and exp i=] eS 


An 
, as can be Remember that exp x is just 
an alternative notation for e”. 


2-2 Deer ad 


We will look at the problem of finding the roots of a complex number in more 
detail in Subsection 5.1. 
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In the final part of the programme we demonstrated that the three alternating 


2 4 
electric currents A cos wt, A cos (ox + = and Acos [ox + add together to 


give zero. This is because these three expressions are the real parts of the three 
complex functions 


4+ 92 ae and | nk 


respectively, and these add together to give zero in view of the fact that 


iwt 
Ae”, 


1 fs. 1 ee 
A+ 54a + [-5-MAi]a=a 
1 3 i 3 
The complex numbers 4A, 5 + Bia and [5 = Bila are called the phasors 


; ae An 
for the expressions A cos wt, A cos jwt + =e and Acos {wt + = respectively. We 
will describe the use of phasors in more detail in Subsection 4.3. 
End of television programme notes 


In the television programme and the pre-programme notes we have seen an 
argument which makes Euler’s formula 


e’? — cos@ + isin 0 
at least plausible. A further justification is that it behaves in the ‘right’ way when 
differentiated. The real function of 0 given by 
y =e? 
has the derivative 
dy 
dé 


and so we would hope that the complex function of # given by 


Se 
=e. 


z=e* 
would have the derivative 
dz 
ne 
This is exactly what we do obtain when we differentiate cos 6 + isin @ with respect 
to 0: 


jg = iz. 


d 
76 (008 + isin#) = —sin@ + icos@ 


= i(cos @ + isin @). 


Although neither of these arguments proves that e” = cos 6 + isin 0, they indicate 
that it seems sensible to treat Euler’s formula as the definition of the exponential of 
an imaginary number. Can we extend this to define the exponential of any 
complex number? The most important property of the exponentials of real 
numbers is 


exp (x,)exp (x,) = exp (x, + X2), 


which must be satisfied by any reasonable definition of the exponentials of 
complex numbers. So 


= extiy anes eel’ 


= e* (cosy + isin y). 


Definition 


The exponential of a complex number z = x + iy is 


e* = e* (cosy + isin y). 
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Starting from this definition, we can show that e’ satisfies all the properties we 
would expect. In particular, 


exp (Z,) exp (z.) = exp (Zz, + Z)). 
Exercise 5 
Starting from this definition of e”? as e* (cos y + isin y), show that 


exp (z,)exp (z,) = exp(z, + Z)). 
[Solution on p. 54] 


If we put 0 = z in Euler’s formula, we obtain 
e™ = cosa +isinn = —1. 

Hence 
e* + ie 0. 


Although this equation is of little practical importance, it is remarkable in that it 
involves the five most important numbers in mathematics, namely 0, 1, i, 7, e. 
Benjamin Pierce said to his students of this formula: 


Gentlemen, that is surely true. It is absolutely paradoxical: we cannot know what 
it means, but we have proved it and therefore we know it must be the truth. 


Exercise 6 
Show that 
git leet gs 


for fe Of Lo 2. 
[Solution on p. 54 | 


The above exercise means that 
exp (z,) = exp (Z,) 

does not imply that z, = z,. All we can say is that 
Z, = 2, + 2kni 

where k is some integer. 


We have now made sense of the expression e” for any complex number z. What 
about expressions like 2', which was mentioned in the television programme? 


If x is a real number, we can relate 2* to the exponential function by the formula 
2” = exp (x log, 2). 
In analogy with this, we define 2' by 
2' = exp (ilog, 2) 
= cos (log, 2) + isin (log, 2). 
More generally, we can define, for any positive real number a, 


a’ = cos (O log, a) + isin (O log, a). 


4.2 Some applications of Euler’s formula 


(i) Integration 


Example 1 
Evaluate 


C= | eos x dx 
and 


S = | etsinx dx. 
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Solution 
Multiplying the second integral by i and adding it to the first, we have 


C+ iS = | eos x dx a i | e* sin x dx 


— | e (cos + isin x) dx 


= fe e* dx 


by using Euler’s formula. The two exponentials can be combined by using the 
result of Exercise 5. So exp (z,) exp (z,) = exp (z, + Z,) 


C+iS = [ett 


If we assume that we can integrate e“'*” in the same way as we can integrate e** ; 
when k is real, we obtain | e*dx = —— +¢ 


1 
Cz iS = -——_—-e"" "ae 
1+i 


aos ee 
=. "9 
5 e-+C 


= (5 — zi)e*(cosx + isinx) +c 


where we have used Euler’s formula again. Expressing the right hand side in the 
standard form 


(real part) + i (imaginary part), 
we obtain 
C + iS = (e*cosx + 4e*sinx + c,) + i(—Ze* cosx + Fe*sinx + c,), 


where c, and c, are the real and imaginary parts of the complex constant of 
integration c. 


Equating the real and imaginary parts of this last equation, we obtain 
C= | e*cosxdx = 5e*cosx + se*sinx +c, 
and 
S= fe sinx dx = —4e*cosx + 4e*sinx + co. 
The two integrals which we evaluated in the above example could for example be 
alternatively evaluated by integrating by parts twice. However, it is easier to use 


Euler’s formula, as long as you are familiar with the manipulation of complex 
numbers! 


_ Exercise 7 


Use Euler’s formula to evaluate 
C= [ e-**c0s 4x ax 
and 
S= ie sin 4x dx. 
[Solution on p. 54 | 
(ii) Trigonometric identities 
Euler’s formula shows us how to express a complex exponential in terms of sines 
and cosines. We can also express sines and cosines in terms of complex 


exponentials. For this purpose we need a further result, which you can derive in 
the following exercise. 
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Exercise 8 
Show that 
e~” = cos0 — isin @. 
[Solution on p. 54] 
Euler’s formula and the previous problem show that the exponential and 
trigonometric functions are related by 


e’* = cosa +isina Euler’s formula 
e ' — cosa — isin a. Exercise 8 


By solving these two equations for cos « and sina, we obtain 


a = 4(ei 4 iz) 


ia 45 
pe ee, 


1 
2i 


These expressions for cosa and sina are important and will be used in Units 6 and 
8. Furthermore, they can be used to define the cosine and sine of a complex 
number. 


Exercise 9 
Use the formulae 
cosa = 5(e” + e '*) 
and 
fag! =e mey +isiny) 
to evaluate 
cos (57 + ilog, 2). 
[Solution on p. 54] 


We can use the above formulae for cosa and sin « to obtain expressions for 
powers of cos @ and sin @ as sums of cosines and sines of multiples of 8. You may 
already know the expressions for cos* 0 and sin? 0: they follow immediately from 
the expressions cos 20 = 1 — 2sin? 0 and cos 20 = 2cos? 6 — 1: 


cos’ 0 = + + 400s 20, 
sin? 6 = 4 — 40s 26. 
Example 2 
Show that 
cos’ @ = 4 cos 30 + 2 cos 0. 
Solution 
cos 8 = $(e” +e), 
SO 
cose = te” + 6 YP. 
Using the binomial expansion, (a+b = 
cos? @ = 4(e3 4 362g i 4 Zei%p-2i0 4 9-310) a* + 3a*b + 3ab* + b° 
=s(e"" + Je" + 3e * +e ™), 
Rearranging the terms we have 
cos? @ we se" <3 i 4 3(e”? <s e-")) 
= 3(2cos 30 + 6cos @) cosa = 4(e + e-i2) 
= 5cos 30 + 3cos 0. 


The identity we found in the above example is useful, for example, if we want to 
integrate cos? 0: 
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1 > 
| cos’ 6d0 = ji [os 30 dO + , [cos 0 do 


1 
—sin 39 + ace + ¢. 


=i 4 
Exercise 10 
Show that 
sin? @ = —isin 36 + 3sin 0. 


[Solution on p. 55 | 


4.3. Phasors 


In studying vibrations, electrical circuits and various other applications we often 
come across sinusoidal functions of time t such as 


f(t) = Acos (wt + ¢). 


S()=A cos(ot+ ¢) 


From the graph of this function we can see that: 
(i) |The value of the function oscillates with time t between — A and A; A is 
called the amplitude of the oscillation. 


Z e. e 
(ii) The function repeats after a time T = — T is called the period of the 
@ 


oscillation. 
(iii) The value of @ governs exactly where on the cosine curve the oscillation 
starts at time t = 0; ¢ is called the phase of the oscillation. 


In order to make the values of the amplitude and phase unique, we demand that 
the amplitude A is positive and that the phase ¢ is in the principal value range, 
—t<@<U. 


Let us now write the sinusoidal function in complex form. You will recall that 


e® — cos @ + isin 0, 


so that 
f(t) = Acos (at + ¢) 
= Re (Ae(!*+ 9%) 
= Re (Ae’?’ e'“) 
= Re (Ze'”) 
where 
Z = Ae’®. 


So the complex number Z has modulus A and argument ¢ and therefore includes 
information on both the amplitude and phase of the sinusoidal function. This fixed 
complex number is called the phasor of the original sinusoidal function. 


36 MST204 5.4 


Definition 


The phasor of the sinusoidal function A cos (wt + @) is the 
complex number 


Z = Ae’?. 
Gag a ee 


Exercise 11 
Find the sinusoidal functions which correspond to the phasors 1, i, —1, —i. 


Exercise 12 
Find the phasors for: 


(i) 10cos (ox — *) (iii) —6cos (ox oa ‘| 
3 4 

Gi) 2sin (or +2) 

[You may find the following identities useful: 


7 
in 6 = cos (9 — — 
sin COs | 7 | 


—sin 8 = cos ( + 4 
2 
—cos 6 = cos (6 + 2). | 


Exercise 13 


Find the sinusoidal functions whose phasors are: 
(ij) i+i 

(Gi) -1+/3i. 

[Solutions to Exercises 11—13 on p. 55 | 


It is often important to add two sinusoidal functions with the same period, and to 
find the amplitude and phase of the sum. Phasors help with this as we shall now 
see. Consider the sum of the two functions 


A, cos(@t + d,) and A, cos (wat + ¢,), 
which have phasors 

Z, = Aye" and Z, = A, 
respectively. 


A, cos (at + @,) + A, cos (wt + ¢,) 
=RefAe ) + Ret) 
= Re{A "9 +p Age ton) 
= Re((Ae™ + Ace") 
= Re ((Z, = Z,)e'™). 


So the result is itself a sinusoidal function whose phasor is Z, + Z,. 


Example 3 
Find the amplitude and phase of 


2.cos wt + ./2cos (wt + $n) 


Solution 
The phasor of 2 cos wt is 2. 
im 


1 
The phasor of ./2cos (ox + | is ./2exp | 4 


| 6 

So the phasor of 2cos wt + ./2cos (wt + 47) is 
2+(1+i=3+i, 

whose modulus is ./10 and argument is @ = arccos | 


3 
Fa 


Re(z, + 2.) 
= Re(z,) + Re(z,) 
exp (z, + Z,) = exp (z,)exp (Z2) 
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Hence 


2cos wt + ./2 cos (wot a 4) = ./10cos (cot Ay p) 


where @ = arccos wa which has amplitude ./10 and phase @. 


io 


Exercise 14 
Find the amplitude and phase of 


./3cos wt + 2cos (wt + in) 
[Solution on p. 55 } 


Example 4 
Find the amplitude and phase of 


Mcoswt + Nsin ot. 

Solution 

The phasor of M cosat is M. 

The phasor of N sin wt is — Ni. 

So the phasor of Mcoswt + Nsinwt is M — Ni, which has modulus 
A=,/M? + N? 

and phase 


o@ = tarccos es 
er a , 


where the sign is that of — N (with positive sign if N = 0). Thus 
Mcoswt + Nsinwt = Acos(at + ¢) 


where 
2 2 M 
A =.,/M* + N* and @ = +arccos ap 
the sign being that of — N (with positive sign if N = 0). 


Exercise 15 
Express 
3cosat — 4sin wt 


as a sinusoidal function. 


Exercise 16 
Use phasors to show that 


21 An 
cos wt + cos ag + cos wae ==): 


[Solutions to Exercises 15 and 16 on p. 55] 


Summary of Section 4 

We defined the exponential of a complex number by 
e = e* *¥ = e* (cosy + isiny), 

which has all the properties we would expect of a power. In particular, 
exp (z,)exp(z,) = exp (z, + Z,). 

If we take z = i@ in the exponential function we obtain Euler’s formula 


e” — cos @ + isin 0. 
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We saw various applications of this formula to integration, trigonometric identities 


and the representation of sinusoidal functions as phasors. 
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5 Complex roots 


5.1 Roots of complex numbers 


We have not yet given any meaning to a’ or a” when a is a complex number 


and m and n are integers. It is natural to adopt the definitions we use in real- 
number algebra for these numbers. So we define a‘ to be any complex number z 
which satisfies the equation z” = a; this number is called an nth root of the 
complex number a. We can now define a”” as (a")'/". These definitions do not 
however prejudge the question of whether these roots exist or not! Indeed, we saw 


in Section 1 that in order to find i = ./—1 it was necessary to extend the real 

number system, which resulted in our complex number system. So it would not 
perhaps be too surprising if we could not find any complex number which was the y 
square root of i. 


Any square root of i must be a solution of 
20 et. 

In order to solve this equation, we write the complex number i in its polar form 
i= cos = = isin = exp 5). 


and seek the roots z in the polar form 


z =r(cos@ + isin 8) = re”. 
The equation 

z=! 
now takes the form 

r? exp (2i0) = exp ah 


We can now find r and 6 by comparing the moduli and arguments of the complex 
numbers on both sides of this equation. As we saw in Subsection 3.2, the moduli 
must be equal, but the arguments can differ by any multiple of 27. So 


r> = | 
and 
tm Sx 9x a 18 
fOr eee 


The only solution of r* = 1 is 
| 
as r must be a non-negative real number. The argument 6 is 


pa 


It appears that we have an infinite number of roots, namely 


Su, 3n Tn 
iF ,exp 7 fa RD a ,exp ue oS 


If you plot these on an Argand diagram it is clear that there are only two distinct 
roots, as 


= 
exp {IZ}, exp 


Tt On 7h 15x 
exp i = e€xp i] =-*"* = exp (iF) = €xp | = 
TU Bae tae 
= vr - sae 


4 


ope + i) 
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and 
132 =. liz 
wom =o [2-8 
ee 
oe COB + oe 
1 


= (1 + i). 


2 


So we have found two square roots of i, namely 


1 
j'/* = +—~(1 + i), 
2 


, 


and our fears that we might have to extend the complex number system to solve 
this problem were unjustified. 


Exercise 1 

1+i\*. ; 
Check that aor is equal to i. 
[Solution on p. 56 | 


Let us now turn to the general problem of finding the nth root of the complex 
number a, which we can write in its polar form 
a= R(cos¢ + isin fd) = Re”. 


Similarly we will seek the nth root z = a‘ 


in its polar form 
z=r(cosé@ + isin 0) = re’. 

The equation 
2 2 

takes the form 
r” exp (inf) = R exp (id). 


Equating the moduli and arguments of both sides of this equation, and 
remembering that the arguments on the two sides can differ by a multiple of 27, 
we have 


y= R 
nO = @ + 2kx (where k is some integer). 


The only positive solution of the real equation r” = R is the ordinary nth root of 
R, namely 


pox Jn. 
The argument @ has possible values 


_ b+ 2ka 
2p 


0 k=G +h +2... 


1/n 


and so the possible values of z = a’’” are 


2k 
= YRexp (22 k=0,+1, +2... 


At first sight it would appear that we have found infinitely many roots, one for 
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each value of k, However, not all these roots are distinct. Indeed, if k, and k, differ 


by an integer multiple of n, say 


k, =k, + rn, 
then 
2k 2k 
exp | = =) = exp i¢ * : )ex (i27r) 
ae i¢ + = 
n 


Remember that we are trying 
to find r and 0. 
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As a consequence, the roots corresponding to k, and k, are equal. We may 
therefore confine ourselves to those solutions which correspond to 


k ==), 1, 2, 3... — I, 


These roots are distinct, as can be seen by plotting them on an Argand diagram. 


Indeed the points corresponding to these n roots form the vertices of an n-sided 
regular polygon inscribed in the circle of radius IR whose centre is the origin. 
This is illustrated opposite for the case n = 6. 


The complex number 
a= Re'® = R(cos¢ + isin ¢) 


has precisely n nth roots given by 


qiln a Rexp * aed 


2k 
— IR {cos eas = " + isin ea aE =) 
n n 
where k = 0,1, 2.3,..48—1 
Example 1 
Find the four complex fourth roots of —8 + 8, /3 i. 


Solution 


Expressing —8 + 8/3 i in its polar form, 


—8+ 8, /3 pe 16 cos ~ sin} 


Taking the fourth root, 


= = + 2k = + ke 
(-—8 + 8/3 i)'* = 416 cos| 7 —} + isin 
for k = 0, 1,2.3 
nh cou hie 
ee 6 6]? 
2 jg ney oe 
3 ce i 
2 san 
6 GF 


z pe aa a a 
3 3 
= /3 $4143 4 -—</3—-7I- 7 


Exercise 2 


Find the three complex cube roots of 8. 
[Solution on p. 56] 


Of particular interest are the complex nth roots of 1, which are often referred to as 


the complex nth roots of unity. 
Example 2 
Find the complex cube roots of unity. 


Solution 
The polar representation of 1 is 


1 = 1 (cosO + isin 0). 


—-8+8V/3i 
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So the complex cube roots of unity are 


113 = 94 oe _ + ee ee Sas 5s 


3 
for k= 0, 1,2 
= Aero pe aries 
= COS isinO, cos 3 isin 3° cos 3 i 3 
— ne 1 ee: 
uc ee ee 
Exercise 3 


Find the complex sixth roots of unity. 


Exercise 4 


(i) Evaluate (./3 — i)*. 


(11) Hence find all the values of 


(./3 — j)3/2 = ((./3 si iy ye. 


[Solutions to Exercises 3 and 4 on p. 56] 


5.2 Solutions of polynomial equations 
In Subsection 1.2 we recalled that the quadratic equation 
az*+bz+c=0 
has two solutions, namely 
ee: ./b? — 4ac 
2a 


This result is true even when the coefficients a, b, c are complex numbers. 


Exercise 5 
Find the solutions of 

z* —7Tiz+8=0. 
[Solution on p. 56 | 


In the previous subsection we saw how to find the n roots of the equation 
z"—a=0. 
However, it is only in exceptional cases that we can find an explicit analytical 
solution of the polynomial equation 
A= +4,.42 ° $-+agea, =0 


In most cases we would have to resort to a numerical method of solution. 


Exercise 6 
Find the solutions of the equation 
z®° — 7iz? +8 =0. 
(Hint: The equation is a quadratic equation in z°. 
You will also find the answers to Exercises 5 and 2 useful, in that order.) 
[Solution on p. 56] 


We have just seen that the sixth order polynomial equation 
z° — TJiz?+8=0 
has six roots, namely 


ae | 
3 ° ars ° — e i. SP CeO o 
33 + l, 3 + l, 2 l, 4 - 
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Now if « is one of these roots, this means that z — a is a factor of z° — 7iz? + 8, 
and since a sixth order polynomial cannot have more than 6 first order factors, 
this tells us that 


6 — Jizd +8 = (z —(,/3+i)(z — (—./3 + ))(2-(—20) 
ae 


2 a 9 eG 


fe L 
2+ ¥+5i) 


= ¢— 3—He+ J3— e+ 20-4 Sea 


Of course, a polynomial equation may have fewer distinct roots than the 
corresponding polynomial has factors, if some of those factors are repeated. For 
example, the sixth order polynomial equation 


(z —i(z —1 —i?(z —2 — 31)? =0 


has the three distinct roots i, 1 + i and 2 + 3i. However, it is normal practice to 
count six roots in this case, by saying that the root 1 + i occurs twice and the root 
2 + 3i occurs three times. With this understanding about the counting of roots, it 
can be shown that any nth order polynomial equation always has exactly n roots, 
although there is no general procedure for explicitly finding them. This result due 
to Gauss, which we will not prove, is called the Fundamental Theorem of Algebra. 


The Fundamental Theorem of Algebra 
The nth order complex polynomial equation 
a,Z" + A,-42" 1} +e: +a,z+a,=0 (witha, 40) 


has precisely n complex roots, as long as we count all repetitions 
of equal roots. Equivalently, the nth order complex polynomial 
expression 


az" +a,,2" '+:*:+a,z+a, (with a, 40) 


can be factorized into a product of exactly n first order factors. 


You may have noticed that the two complex solutions of the quadratic equation 
az* +bz+c=0 


when a, b and c are real numbers such that b? — 4ac is negative, form a complex 
conjugate pair 


—b + i,/4ac — b? 
2a 


For example, the roots of z* — 2z + 2 = 0 are 1 +i. This result can be generalized Section 1, Exercise 7. 
to the polynomial equation 


hee 


a,Z"° + A,-12" * +++: +a,Z+a,=0 


when the coefficients, a,,d,—1,-..,@,,d, are all real. Suppose that z= a isa 
complex root, so that 


a,” +a, _,0" '+:::+a,4+a)=0. 
Taking the complex conjugate of both sides of this equation, 
(a,,0, = te ee +s A, o = Ao) xe 0 
1). 


Now the conjugate of a sum is equal to the sum of the separate conjugates. So Section 1, Exercise 12 (ii) 
Z,+2,=72+2Z, 


aa") + (a,_ 0-4) +++ 4+ (a,a) +a, =0. 
(a,0") + (4,-4 ) (4,0) 0 Section 1, Exercise 12 (iv) 


Similarly the conjugate of a product is equal to the product of the conjugates. So 2,35 32, 


aa" +4,_,8@ '+-°°+4,0+a,=0. 
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But the coefficients are all real, so that 
@= 68. = 8... 6a eee = ae 
This finally gives 
a,t" +a,_,0" '+-++-+a,%+a,=0. 
This means that z = & is also a solution of the polynomial equation 


a2 +6, ,27 ° +: +42 +a, = 0. 


If a + ib is a solution of the polynomial equation 


,Z" + d,_42" ) +++++a,z +a, =0 


with real coefficients a,,da,_1,---,4,,4 , then a — ib also satisfies 
this equation. 


Thus the complex (non-real) solutions of a polynomial equation with real 
coefficients always occur as complex conjugate pairs, and the number of such roots 
is always even. 


This result immediately tells us, for example, that the quartic equation 
z* — 4z° + 52” —2z —2=0 


could have 0, 2 or 4 real roots as any complex roots must occur as conjugate 
pairs. What is more, if we are told that 1 + i is a root of this equation, then we 
know that 1 — i must also be a solution. 


Exercise 7 

Find all the solutions of the equation 
z* — 47° + 527 —2z -—2=0 

given that z = 1 + i is one solution. 


(Hint: (z —1 —i(z —1 +i) =z? — 2z + 2 must be a factor of z* — 4z* + 5z* — 2z — 2.) 
[Solution on p. 56 | 


5.3 The solution of homogeneous second order recurrence relations 
with constant coefficients 


In Unit 1 we saw that the general solution of the recurrence relation 
Ung =, + BM, ,, 
where the coefficients a and b are constants, is 
e + By" AX ji 
(A + Bn)a" A 
where 4 and yp are the solutions of the auxiliary equation 
x* —ax —b=0. 


In that unit we did not ask you to tackle any problems where the roots of the 
auxiliary equation are not real, such as the recurrence relation 


gee 2u, ee au; 
with the initial conditions 


which we looked at briefly in Subsection 1.2. Nevertheless the above formula for 
the general solution of the recurrence relation is still true even when the roots of 
the auxiliary equation are complex. For our specific problem the auxiliary 
equation is 


x* = 2x +2=0, 


which has the complex roots 
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A, Beit 1 Hs 

So using the above formula, the general solution of the recurrence relation is 
u, = A(1 +i)” + Bi — i)’. 

We can now use the initial conditions to find A and B. Using u, = 1, 
A(1i + i)? + BI — i) =1, 


A+B=1. 
Using u, = 1, 
A(1l + i) + BY — i) = 1. 
Solving the above two equations for A and B we obtain 
A =i, B= 4. 
So the ee particular solution is 
u,=3(1 + i” + 3(1 — i)”. 
It is surprising that although this formula involves complex numbers, every value 


of u, is real. For example, we saw in Section 1, Exercise 2 that uy = 1, u, = 1, 
u, = 0, u, = —2,u, = —4,u, = —4, u, = 0, u, = 8 and u, = 16. 


Exercise 8 
Use the formula 
u, = 3(1 + i)” + Z(1 — i)” 
to evaluate uy, U,, Uy, Uz, Uy, Us and Ug. 
[Solution on p. 57 | 


As the formula for the particular solution involves the powers of the complex 
numbers 1 + i and 1 — i, it may be useful to write the complex numbers in their 
polar form and use de Moivre’s Theorem. The polar form of 1 + 7 is 


1+i= 5 cos + iin) 


Taking the complex conjugate, we have 
1-—i= 2 cos —~ isin‘ 


So by de Movire’s Theorem, 


oe n/2 a += (cos 6 + isin 6)” 
(1+ i)"=2 wee Seton = cosné + isin nd 
and 
We oe (cos 6 — isin 0)" 
i—ijf=2" cos" — isin’). = cos nO — isin nd 
(Section 3, Exercise 13) 
Hence 
u, = s(1 + i)” + $(1 — i)" 
1 1 
= 2992 log isin | 0 Leos a 
2 4 4 z 4 4 
nT 
se 2 a3 —— 
4 


So the particular solution of our problem 
Uri. = 2u, oe 2u,—4 
Uy = I, u,=1 


can be expressed in the form 


NI 
u, = se COs . 
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This form of the particular solution makes it clear that it is a real number, and is 
particularly useful for evaluating u, when n is large. 


Exercise 9 
Use the formula 


u, = 2"? cos— 
4 
to evaluate uy, u,, Uy, U3, Uy, Us and Ug. 
[Solution on p. 57] 
nm os: ; 
If we plot the graph of u, = 2”? cos | We can see the oscillating behaviour of u, 


with n, which is typical of the solutions of recurrence relations whose auxiliary 
equations have complex roots. 


Un 


30 y= Qxl2 
20 
10 un, = 2"*%cos niz/4 


mia 
| ieee 6 7 8 2 8 11 n 


=410 


y=- Qxl2 
20) 


—30 


Our consideration of the above specific problem suggests that the general solution 
u, = CA” + Dp" 

of the recurrence relation (with real coefficients) 
Up, = au, + bu,_, 


can be simplified in the case when the roots A, uw of the auxiliary equation are 
complex by writing them in their polar form. Suppose 


A =r(cos@ + isin 8). 


As the coefficients a, b of the auxiliary equation are real, the two roots of the 
auxiliary equation will form a complex conjugate pair. So 


pu =r (cos 6 — isin 8). 
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Hence the general solution of the recurrence relation is 


u, = CA" + Du" C and D are arbitrary 
= Cr'(cos 0 + isin 0)" + Dr"(cos 6 — isin 6)" oa eee 
= Cr" (cos né + isin n@) + Dr" (cos né — isin né). de Moivre’s Theorem 


Now we know that if the initial conditions are real then the corresponding 
particular solution must be real. Thus, for every pair of real initial conditions there 
must be a way of choosing the complex numbers C and D so that the above 
expression turns out to be purely real, and to obey the initial conditions. The best 
way to see how to make this choice is to define two new constants in terms of C 
and D: 


A=C+D and B=i(C —D). 
The general solution expressed in terms of A and B is 
u, = 1"(Acosné + Bsinné). 


This gives a real solution for every choice of real A and B, and we can now solve 
for A and B by using the initial conditions in the usual way. Unit 1, Subsection 2.3 


We can now summarize the formulae for the general solution of second order 
homogeneous recurrence relations with constant coefficients. 


The procedure for finding the solution of a second order 
homogeneous constant coefficient recurrence relation 


un, , = au, + bu,_, 
is as follows: 
1. Find the roots 4 and wu of the auxiliary equation 
x* —ax—b=0. 


2. The general solution depends on the nature of the solutions of 
the auxiliary equation. 


(a) Distinct real solutions 
The general solution of the recurrence relation is 


u, = Ad" + By". 


(b) Equal real solutions (A = p) 
The general solution of the recurrence relation is 


u, = (A + Bn)d". 


(c) Complex solutions 
Write the roots in their polar form 


A, 4 =r(cos@ + isin 0). 
The general solution of the recurrence relation is 
u, = 1"(Acosné + Bsinné). 
(In each case A and B are arbitrary constants.) 


3. Use any given initial conditions to evaluate A and B. 


Example 3 


(i) Find the general solution of the recurrence relation 
U.,, = 2,/3u, — 4u,_,. 


(ii) Find the particular solution of the above recurrence relation which satisfies 
the initial conditions 


uy = ./3, u, =4. 
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Solution 


(i) The auxiliary equation of the recurrence relation is 
x? — 2,/3x +4 =0 

which has solutions 
Ai = — +i 


=? sce— + in 
= j= 6] 


So the general solution of the recurrence relation is 
nt = Ee 
u, = 2" [1 ons + Bin" 


(11) Now uy = re gives 
2°(A cos0 + Bsin0) = fh 


Aa J 


Also u, = 4 gives 


2! [Acos® + Bsin™ | =4, A+B=4, 
= 6 6 


= 1, 
Hence the particular solution is 


=< [3.08% + sin"), 


Exercise 10 

Find the solution of the recurrence relation 
£34 = 2u, a 4u,_4 

which satisfies the initial conditions 
uo = 1, u, = 4. 

[Solution on p. 57] 

Summary of Section 5 

We showed that the complex number 
a= R(cos@ + isin @) 


has precisely n nth roots, namely 


2k 2k 
qin = oR gt + te 
n n 


ee eee 


We stated the Fundamental Theorem of Algebra, which tells us that any nth 
degree polynomial has n roots in the complex plane as long as we count all the 
repetitions of equal roots. If the polynomial has real coefficients, any complex 
roots occur as complex conjugate pairs. 


We completed the study of the constant coefficient homogeneous linear recurrence 
relation 


ii =a, Fu, ,. 

When the auxiliary equation has complex roots 
r (cos @ + isin 8), 

the general solution is 


u, = 1"(Acosné + Bsin n6é). 
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6 End of unit exercises 
Solutions on pp. 57-59 


Exercise 1 
Assuming that the rules of arithmetic hold for complex numbers, calculate 
i) (2+i)+4-Si) @i) (2+ )(4- Si) 
(ii) (2+iI)—(4-—Si) (av) (2+ i)/(4—5i). 
Exercise 2 

Ifz, =1+i, 2, =2—i, z, = 3 + 2i, evaluate 
(i) 2, +2, — 23 (iii) 23/2, 

(i) 2) 252; G4) 25/2. 

Exercise 3 

Complete the table opposite: 


Exercise 4 
Write i”, i>, i*, i? and i® in the form a + ib. 


Exercise 5 


(i) | Use the binomial expansion to write (1 + i)° in the form a + ib. 
(ii) Hence write down the value of (1 — i)’. 


Exercise 6 

Find the roots of the following quadratic equations: 
(i) z7—4z+5=0 

(ii) z*7+iz+1=0 

(iii) z?7-—(1+2iz—-1+i=0. 

Exercise 7 

Plot the following numbers on an Argand diagram: 


0, 2.0 Be HAs Be Sh 


Exercise 8 
Write the complex numbers of Exercise 7 as number pairs. 


Exercise 9 
Plot the points with the following polar coordinates, and give their Cartesian coordinates: 


[1,0], 5} 1, -F (2, 1]. 


Exercise 10 
Give polar coordinates of the points whose Cartesian coordinates are: 


(,0), (1,1), -(—1,0). 


Exercise 11 
Give all the possible polar forms for the complex number — 2i. 


Exercise 12 


Complete the following table: 


Exercise 13 
Express the following complex numbers in polar form: 


n= 2=-1+J34 = 3-5; 


and hence calculate z,z, and z,/z, (expressed in polar form). Check by calculating the real 
and imaginary parts of z,z, and of z,/z, in two distinct ways. 
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Exercise 14 


Calculate the real and imaginary parts of (1 + Ja i)'° in an efficient way. 


Exercise 15 
Use de Moivre’s Theorem to express cos 5@ in terms of cos 6 and sin 0. 


Exercise 16 


Calculate ee sin x dx using complex numbers. 


Exercise 17 


n/2 
Express cos* 6 in terms of cos 40 and cos 20 and hence find | cos*6 dé. 
0 


Exercise 18 
Find the phasors for the sinusoidal functions: 


(i) 10cos [ox + 7 (ii) Ssin 


Bias 
3) 


Exercise 19 


Find the phasors for the sinusoidal functions sin 4t and cos 4t. Hence find the amplitude 
and phase of sin 4t + cos 4t. 


Exercise 20 
Find all the cube roots of —1 + iin polar form, and plot them on an Argand diagram. 


Exercise 21 
Find all the possible values for (—1 + i)?/? (in polar form if you wish). 


Exercise 22 
Given that the equation 


z* — 42° + 1127 — 142 + 10=0 
has z = 1 +i asa root, find the other roots. 


Exercise 23 
Find the general solution of the recurrence relation 


Ung, = 4u, os 13u,_ 


in the form of an expression containing only real numbers. 


7 Epilogue 


In order to be able to solve all quadratic equations it was found necessary to 
extend the real number system and consider complex numbers. This allowed us to 
solve not only any quadratic equation, but also any polynomial equation. What is 
more it can be shown that any expression involving complex numbers, no matter 
how complicated, such as 


/log, (sin ((1 + i)?**)), 
can always be expressed in the form x + iy. 


In spite of the fact that the complex number system is so self-contained, the 
mathematicians of the 19th century looked for possible abstractions and 
generalizations of complex numbers. In 1843 Sir William Hamilton defined 
quaternions, which can be thought of as ordered pairs of complex numbers. These 
are four dimensional numbers in the same sense as complex numbers are two 
dimensional and real numbers one dimensional. One of the principal applications 
of quaternions was in the discussion of vector functions which you meet, for 
example, in fluid mechanics and electromagnetism; but the notation and 
manipulation of quaternions was cumbersome. The physicists and mathematicians 
who worked in the field, particularly Josiah Gibbs and Oliver Heaviside, simplified 
and refined the theory of quaternions to suit their particular needs. This resulted 
in Vector Analysis as it is presented in MS283 Block IV. The theory of 
quaternions themselves is now mainly of historical interest. 
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Appendix: Solutions to the exercises 


Solutions to the exercises in Section 1 
1. (i) Equations (1), (3) and (6) each have a solution 
using the natural numbers. 
(11) Equations (1), (2), (3) and (6) each have a solution 
using the integer numbers. 
(i111) Equations (1) to (6) each have a solution using the 
rational numbers. 
(iv) Equations (1) to (7) and (9) each have a solution 
using the real numbers. 

2. uo, = 2u, — 2u,_ |. 
r=1:u, =2u, —2u,=2-—2=0 
r=2:u, = 2u, —2u,=0-—2= -2 
r= 3:u,=2u, —2u, = —4-0= —-4 
r=4:u, = 2u, — 2u, = —8+4= —4 
r= 5:U, = 2u;, —2u, = —8+8=0 
r=6:u,=2u, —2u,=0+8=8 
r=7: ug = 2u, —2u,=16—0= 16. 

Given sufficient time, we could continue this process and so 

evaluate u, no matter how large r is. So the recurrence 

relation 
Ui, = 2u, = 2u,—4 
with the initial conditions 
u=l1, u,=1 

does have a real solution in spite of the fact that the 

auxiliary equation does not have real roots. 


3. The sum of the numbers x and y is 10, ie. 


x+y = 10. 
The product of the numbers is 40, 
ie. 

xy = 40. 


The first equation gives us 
y=10-x. 
Substituting this in the second equation, we obtain 
x(10 — x) = 40, 
which leads directly to the quadratic equation 
x? — 10x + 40 = 0. 
Using the formula for the roots of a quadratic equation, 


10 + ./100 — 160 
6 area carreease career es 


2 
=5+,/-15. 
40 $418 

(ii) 1—3i 

(iii) (3 + 4i)(2 + 7i) = 6 + 211 + 8i + 287 
= 6+ r= 28 
= = 2 4 101 

(iv) (3 + 4i)(3 — 4i) = 9 — 12 + 121 — 167 
= 9 416 = 25. 


5. (i), + x2) +i, + 2) 
(it) (x; — X5) + ily, ne y2) - 
(ili) (Xx, + iy) (X2 + typ) = X,Xx. + gad is IY yX_ +UVyy2 
= (X1X_ — VyV2) + i(% yy. + Y4X2) 
(iv) (x + iy)(x — iy) = x? — ixy + iyx — i?y? 
=s ty. 
This last result allows us to factorize x* + y?, namely 
x? + y? = (x + iy)(x — iy), 


in a similar way as we have been able to factorize x? — y?, 


x? = y= (x +y)(% = y). 


6. (1 + 2i)? = (1 + 21)(1 + 2%) 
=1+ 47+ 47 
= —3+4+ 4i. 
So Re ((1 + 2i)?) = —3 and Im ((1 + 2i)*) = 4. 
“se feo eee Se ae 
2 2 
8 4+6i (44 61)(6 —i) 
54 46-7) 
26 + 26i 
a 
=1+i. 
1 1 
9. -= ; 
bE ee | 
x-ily 
(x + iy)(x — iy) 
x — iy 
“Say 


Fl etal 
<4 
x? 4 y? x? 4 y? 


10. (i) z+2Z=(x + iy) + (x - iy) 


= 2% = 2 Rez. 
(1) z—Z=(x + iy) — (x — iy) 
= 2iy = 2iIlmz. 


(Remember that Im z itself is real.) 
11. GG) Z=1—-2i. 


Thus 

(z) = 1 — (—2i) 

=1+2i=2z. 

(ii) Z, +2, =2+4+ 31. 
Thus 

(Zz, + 2,) =2 —3i. 
Now 

2,=1-—2i and 7, =1-i%. 
Thus 

Z, +7, =2 —3i = (z, + Z,). 
(fii): 2, —Z, = 1 
Thus 

ptt 
Now 

Z,=1-—2i and 7,=1-—-i. 
Thus 

2,2, = —i=(2,— Z,). 
(iv) z,z, = (1+ 2i)(1 + i) = —1+4 33. 
Thus 

(z,z,) = —1—3i. 
Now 

2, =1—2 and 7,=1—i 
Thus 


Zz, xz, =(1—2i(1-) = -1 — 31 = (z,2,). 
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(v) Z 1/22 oil = aa (111) Z, — 2, = (% + y,) — Le + iy) 
1+i (1+ i(1 —i) = (x, — X5)+ ify, — y). 
3+i Thus 
: (2, > 2.) = By = Xx) —104,..— ¥5)- 
= 2 + is Now 
Thus co Z, — Z, = (x, — iy,) — (2 — iy.) 
7.4 = (x; — X2) — i(¥y — y2) = (2 — 24). 
(z,/Z2) = 77 rh (iv) Z1Zy = (x, + iyy)(X2 + iy) 
= (X1X_ — WyV2) + XY. + YX). 
Now ae 


Z,=1-—2i and 7,=1-i. —— 
“41 2 (2422) = (4X2 — VyV2) — U%,V2 + Y1Xp). 


Th 
= Now 
es 1 —2i = = 
Z,/Z, = ‘sar Z, X Z, = (x, — iy,) (2 — iy2) 
@— 30 +7 = (% 1X2 — VyV2) — 1% V2 + 1X2) = (2,22). 
aie eee rer +i 
(iil +i) O- 22,— 
31 X + ly2 
= = (x, + iy,)(x2 — iy2) 
a 4 eles (x. + iy,)(x2 — iy2) 
a 7! = (2,/22). _ (% 1X2 + ViV2) + 11 X2 — X12) 
= x3 + y3 
12. Let z=x+ iy, 2, =X, + V1, 2, =X. + Dp. Thus 
(i) Z=x—YVy. po (Ky FH Vga) © Ag = Xo) 
Thus = (Z,/Z2) — x2 re y? . 
(ii) Z, +2, = (x, + iy,) + &, + iy2) =e 
: sae Xx; — ly 
= (x, + X2) + iy, + yp). Z,/Z, = : 
Thus oa - 
eee = (x, — ty,)(x2 + iy) 
(z, + 22) = (1 + X2) — 1, + yo). (x, — iy,)(x, + iy) 
Now = (X,X5 + V1¥2) — 1X2 — Xy2) 
Z, + 2, = (x, — iy,) + (2 — iy2) Ee r +; 
= (x, + x2) — iy, + yz) = (2, + 22). = (z,/Z>). 


ee 


Solutions to the exercises in Section 2 


1. 2 Zz, +2, = (3,4) + (2,7) 
= (3+ 2,4+7) 
(5, £1). 
£2, = 13,4) S12, 7) 
=(3x2-4x7,3x7+4-x 2) 
= (—22, 29). 
4. Using the rules for the addition and multiplication of 
number pairs, 
(i) (x,,0) + (x,,0) = (x, + X7,0) 
(ii) (%,,0) x (x2,0) = (%1X2,0). 
5. Using the rule for the multiplication of number pairs, 
i? = (0,1) x (0,1) = (—1,0) 
2. -@ 1+a= (62. 2 


Gi) 2417-2 4 11= (2,1) 
Gi) 3 = (32) 
(iv) 1=1+0i= (1,0). 
(v) 0=0+0i=(,0). 
(vi) i=0+1i=(@,1). 


6. Remember that x, y, i are the number pairs (x,0), (y, 0) 
and (0,1) respectively. So 

(i) iy =(0,1)(,0) = (0,y) 

(ii) x + iy = (x,0) + (Oy) = (% y). 
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Solutions to the exercises in Section 3 


1. ca 4. (i) 
| E2. me 
TT 
(1,14 [2,2] 
| 
| 
ee l Sea 
[3, 7] se [72,0) = 
TT | phan 
Lage : 
| 


2. For the point whose polar coordinate are 2 =| the 


Cartesian coordinates are 


¥ = rood = 2.cos 7 i Hes 


To find @ we can use 


either 


x ; 
arc COS *) if y>O 
r 


y =rsin@ = 2sin[ = /2; = 


ie. 2 4 = (,/2,./2). 


— arc cos a tf y=<0 
r 


or tan@ = . and the diagram to pick the solution in the 
* 


7 
Similarly, | 1,— | = (0,1), 
ee eee! 4 0,1) correct quadrant. 
[3,7] = (—3,0), Method 1 As y = 1 is positive, 
[/2,0] = (\/2,0), Pe 
a i a4 
) 5 eae b) ) 
1 
Method 2 tan@ =—= —1. 
2.2 = 7D). Sige i 
3m T 
Notice that: és Se 2 ees 
(1) points on the positive x-axis have 0 = 0; eBoe 
(ii) points on the negative x-axis have 0 = 1; F ae the — we oe that the point is in the second 
uadrant, and so we choose 
(111) points on the positive y-axis have 0 = : an 
d= —. 
T 
(iv) points on the negative y-axis have @ = a 4 
3 
Hence the polar coordinates of the point are | V2 =| 
3. (i) Ifcos@ =4, then A 
1 1 (ii) 
@=- or —-—. 
3 3 


(a) If sm = 


TU 
6 =—or 
7° 


(ii) If cos? = 
show that 


Ge: 
3 


(iv) The previous 


x . : : : 
cos 0 = — and sin = = It is not sufficient to solve just one 
r r 


of these equations. 


v3 then 
Z 
2n 


* op 


1 and sin@ = a the two previous parts 


parts show that we need to solve both 
To find @: 


Method 1 As y = —1 is negative, 


—./3 51 
(v) If tan 0 = ,/3, then @ = —arccos | 7 | ess 
T 2n 
et eerie: —1 1 
re acd . Method 2 ae fe 
(iv) Although one of these values of 6 is the correct one, we a 
cannot find the value of 6 just by solving the equation ee ba Pee on 
tan 0 = y/x. 6 6 
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From the diagram, the point is in the fourth quadrant, and 
so we choose 


5 
foes 
6 
St 
Hence the polar coordinates of the point are 2, -= | 
ss. 
Tl 
4 
Tl 
a 
7 
Z 
Tl 
7 
4 
3m 
4 
T 
6 
6. If 
z=x-+Iy, 
then 
Z=x-iy 
So 
zz = (x + iy)(x — iy) 
= x? 4 y? 
= |z)’. 


You could also have proved this result by using the polar 
form. 


If 

z=r(cos@ + isin 8), 
then 

Zz = r(cos@ — isin 8). 
So 


zz = 17 (cos@ + isin 8) (cos @ — isin 0) 
= r” (cos” 6 + sin? 6) 
= Sie 
This is the result that we found useful on page 10 of 


Subsection 1.2 when simplifying the quotient of two complex 
numbers. 


2 242, = (./3 + (3 + 3/3 i) = 123. 
Zz 2 cos - a 
= —_— l — 
1 6 6 by) 


Wh 
Zz, = 6 ae ne : 


: eS 
2,2, = 12 sere alec 


8. 242, = (2 x 3)(cos(1 + 2) + isin (1 + 2)) 
= 6(cos 3 + isin 3). 
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b 


’. c= 14 V3 1=2 [oos® + isin’ 


ae | OF + PA 
= 2 2 


= 1. 


1 | _ cos0 + isinO 

cos@+isin@ cos@+isin@ 
= cos (— 9) + isin (—8@) 

= cos 9 — isin 6. 


10. 


T T 
11. L727" — + isin—]. 
i cos 7 + isin? 


Thus 


6 
Tl Tl 
-\6 6/2 bts 
(1+ i)? =2 cos + isin] | 


2 2 
ee eee 


3 
= 23 cos +i sin 


12 (i) By de Moivre’s Theorem, 
(cos 6 + isin 0)* = cos 40 + isin 40. 
(ii) Using the binomial expansion, 
(cos 6 + isin 6)* 
= (cos 9)* + 4(cos 6)3(isin 8) + 6(cos 6)*(isin 0)? 
+ 4(cos 6)(isin 6)° + (isin 6)* 
= cos* 6 + 4icos® 6 sin 0 
—6cos? @sin? 0 — 4icos @ sin? 6 + sin* 6 
= (cos* 0 — 6cos? @sin? 6 + sin* 6) 
+ i(4cos? 6sin @ — 4cos Osin? 6). 


(iii) Comparing the expressions for (cos @ + isin 0@)* which 
we obtained in (i) and (ii), 


cos 40 + isin 40 = (cos* 6 — 6cos? @sin? 6 + sin* 0) 
+ i(4cos? @sin 6 — 4cos O sin? 6). 
Equating the real and imaginary parts, 
cos 40 = cos* 0 — 6cos? Osin? 6 + sin* 0 
and 


sin 40 = 4cos? @sin 8 — 4cos @ sin? 0. 


13. cos 0 — isin@ = (by Exercise 10). 


cos 6 + isin 
Thus (cos @ — isin #)" = Se Ses 

(cos 8 + isin 6)" 
1 


—____________ (by de Moivre’s Th 
iii ee ee 


= cosné —isinn@ (by Exercise 10). 


Solutions to the exercises in Section 4 


oo a ee : 
; = BOE a ge ge ay 
as 
SSF 
2 eee ee 
sin < = x 31 5 


The terms in the series for cos x are the same as the even- 
power terms in the series for e*, except that some have minus 
signs. Similarly, the terms in the series for sin x are the same 
as the odd-power terms in the series for e*, except for some 
minus signs. 


; _ s (10)? = -8Y Oy 266 
id ae —__ eee 
Se a 
Q2 @3 4 5 
= 1 ti a re 


(ii) Collecting the real and imaginary terms together, 


ee ee 
= etet | a! eee ee 2). Sees eee 
e (1 a | +ifo 317 5) | 


2 


= cos @ + isin 0. 


3. e”® =cosé + isinO, so 
exp (i0,) exp (i0,) 
= (cos 6, + isin 8,)(cos 6, + isin 02) 
= (cos 6, cos, — sin 0, sin6,) 
+ i(sin 8, cos@, + cos 9, sin 0,) 
= cos(9; + 02) + isin(O, + 62) 
= exp (i(0, + 0). 


4. (i) By de Moivre’s Theorem, 
cos 20 + isin 20 = (cos 6 + isin 0)?. 


We can expand the right hand side by using the binomial 
expansion: 


cos 26 + isin 26 
= (cos 0)* + 2 (cos 0)(isin 0) + (isin 6)? 
= cos” 6 + 2icos @sin 6 — sin? 6 
= (cos? 6 — sin? 6) + i(2cos @sin 0). 
Equating the real parts, 
cos 20 = cos? 6 — sin? 6. 
(ii) By de Moivre’s Theorem, 
cos 36 + isin 36 = (cos 6@ + isin 6)°. 


We can expand the right hand side by using the binomial 
expansion: 


cos 30 + isin 30 = (cos 6)? + 3 (cos 6)7(isin 0) 
+ 3(cos 0)(isin 0)? + (isin 6) 
= cos’ 6 + 3icos” Osin 8 
— 3cos @sin?  — isin? 0 
= (cos? 0 — 3cos @sin? 6) 
+ i(3 cos? 6 sin 6 — sin? 6). 
Equating the imaginary parts, 
sin 30 = 3 cos’ @sin 8 — sin? @. 


This can be simplified slightly by using cos? 6 = 1 — sin? 0. 
Thus: 


sin 39 = 3(1 — sin? 0)sin 6 — sin? 6 
= 3sind — 4sin3 6. 
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5. e& =e*(cosy + isiny), so 
exp (Z;) exp (zz) 
= exp (x,)exp(x,) (cosy, + isiny,)(cosy, + isin y,) 
= exp (x, + x,)(cos(y, + y,) + isin (vy, + y2)) 
= exp (Z, + Z,), 
using the definition of e” again. 


6 e? + 2kri 2kri 


= e’e 
= e* (cos 2kx + isin 2kz) by Euler’s formula 
= e’, as cos 2kx = 1 and sin 2kx = 0. 


4 CAB = [ e> (cosax + isin 4x) dx 
= fer °* etx dx (by Euler’s formula) 


a oe 


1 ; 

34+ 4i 
23 4 
Ee ane 


s Tax pte 
eee = 
= |—-xz2--—xz7l]e ~*(cos4x + isin4x) +c 


by Euler’s formula. 


Equating real and imaginary parts, 


3 4 

C= — age ** Cos 4x - x5¢ sin 4x +c, 
oe 

S = ——e nS 5 *sin 4x +c, 


where c, and c, are the real and imaginary parts of the 
complex constant of integration c. Note that if we only 


wanted to evaluate | e~ >* cos 4x dx, we would nevertheless 


also have to consider — sin 4x dx in order to use this 


method of integration. But this method is still easier than 
integrating by parts twice! 


8. Using Euler’s formula, 
e~” = cos(—6) + isin (—6) 
= cos 8 — isin 8 


(using the properties of cos and sin). 


9. Using the fact that cosa = 4(e + e~"), we obtain 
cos (37 + ilog, 2) 
= 3 [exp (i(¢z + ilog, 2)) + exp (—i(¢n + ilog, 2))] 
= z[exp (—log, 2 + Siz) + exp (log, 2 —4in)]. (1) 
Now using the fact that e**’” = e* (cosy + isin y), we obtain 
exp (—log, 2 + 4iz) = exp (—log, 2) (cos4z + isin4z) 


= 3(0 + i) = i, (2) 
and exp (log, 2 — 5iz) = exp (log, 2) (cos 4x — isin 42) 
=10 <0 (3) 


Substituting the results of (2) and (3) into (1): 


cos ($7 + ilog, 2) = $(4i — 2i) = —3i. 
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: eee 
10. sind = —(e® — e~**). 
2i 
Thus 
0 _ 9 i0y3 


1 
in? Q = —_—— 
sin F (e 


1 : 
Se — 3¢" 4 3e-* — eg 38) 


1 ; ; 
re ee e7aity sia 3(e? = ge) 


1 

ee (2isin 30 — 6isin 8) 
i 

—{sin 30 + fsin 0. 


11. The moduli of all the phasors is 1. The argument of the 
phasor 1 is 0, and so the phasor 1 corresponds to 


Cos ol. 


The argument of the phasor i is 42, and so the phasor i 
corresponds to 
cos (wt + 42) = cos wt cos $n — sin wt sin 57 
= —sin wt. 
The argument of the phasor —1 is z, and so the phasor — 1 
corresponds to 
cos (wt + 2) = cosw@tcosz — sinwtsinz 
= —cos ot. 
The argument of the phasor —i is —4z, and so the phasor 
—i corresponds to 
cos (wt — 42) = cos wt cos4z + sin wt sin 37 
= sin wt. 
These results are summarized in the table: 


Phasor 


Sinusoidal Function 


12. (i) The phasor is 


T 
10 exp [2] = 5-537. 4 


(ii) 2sin (wt + 42) = 2cos (wt + in — fr) 
= 2cos (wt — 42). 
So the phasor is 


2exp (2 =1—- v3 i. 


1 
(111) —6cos |wt — 4 = 6cos (ox ~ rh + | 


3 
= 6 t+-— 
cos (. a3 | 
So the phasor is 


3 
6 exp =) Si Fi 
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13. (i) The complex number 1 + i has modulus ip and 
argument jn. So it is the phasor of 
./2.c0s (wt + 47). 


(ii) The complex number —1 + «f3 i has modulus 2 
and argument 4z. So it is the phasor of 


2 cos (wt + 47). 


14. The phasor of ve 3cosat is Z i= /3. The phasor of 
2 cos (wt + én) is 


Z, =2exp (i) = ae + 1. 
So the phasor of fs cos wt + 2cos (wt + 27) is 
Te eo re rea 
28 
which has modulus ./13 and argument arc cos ay 


Je 


Hence the amplitude of the sum is A = ./13 and its phase 


is @ = arccos eal 


15. The phasor of 3 cos wt is 


ae. 
The phasor of —4sin wt is 
Z, = 4i. 


So the phasor of 3 cos wt — 4sin wt is 
Z,+Z2,=3+4, 

which has modulus 5 and argument ¢ = arc cos (3). Hence 
3cos wt — 4sinwt = Scos (wt + ¢) 

where 
@ = arccos (2). 


16. The phasor of cos wt is 
Z,=1. 


2 
The phasor of cos (ox + 3 iS 


2n i 3 
Z, = exp =| 4 ce 


4 
The phasor of cos (ox + =| is 


7 4n Bee ee 
= —} = —~— i. 
,> oF ae 5 5 


The sum of these phasors is 
Z,+2Z,4+2Z,=9. 

Hence 

21 


ot + 
3 


cos wt + COs 


4n 
| + cos [or +S] = 0. 
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Solutions to the exercises in Section 5 


; ; + y 1+2i-1 . 5. Using the formula, 
‘ ——} =———_ = i. 
tg : pee 
1 = 2 
Similarly the square of ———(1 + i) is also equal to i. 
f = 7it./—81 
2. Expressing 8i in its polar form, 2 
HED 
8i = 8 [cos — + isin—]. eo 
z 2 Bae 
aa se + Dien sn fie ad len 6. Using the hint, this a quadratic in z~, namely 
(8i)° = 8 cos = + isin Se. (z*)? — 7i(z*) + 8 =0. 
Seti eo This is the same quadratic equation as we considered in 
Pe Exercise 5. Using the answer to that problem, 
15 Rene. | 3 . ‘ 
= 72 cos + isin), o-= $f —i. 
6 6 ' 
5m Sr Taking the cube root, 
2 cos = + isin, a= (8i)*/3, = ‘Sees 
er 37 Now using the result of Exercise 2, 
fs — + isin— 
ee | ee  - 54i 
= /3 + i, ae 4, 2k Finally we need to find the cube roots of —i. Now 


3. Expressing 1 in its polar form, 
1 = 1(cosO + isin 0). 
So So 


11/6 =] os 2 + isin (—i)'/3 = cos 


= « 
oe ke 


—n/2 + 2kn 
a 


i = Cos ae + isin 
ne 2 
[a we 
Bars ae + isin 


for k = 0, 1, 2, 3, 4, 5 k = 0,1,2 


='COS ae + isin 
= 6 3 


7 ae 
Tl ae ——], cos—+isin-—, 
= cos 0 + isin 0, Ot, Tee 4 2 


71 70 
cos + isin, cos 7 + isin 7, cos —— + isin 
| oe ee ee 2 ee 
scaler et ee ee a l, =e 
oe 1 : V3 ae 1 - a ; Collecting these results, the equation 
is ame ve ee a Pee ee eee 
see eee V3 ; - V3 : has six roots, namely 
oe ee | | | J — B 1 
4. (i) Expressing fa — iin its polar form, J/3 ey Fh a te ee 


— Ties 2 ia i 7. As the coefficients of the polynomial are all real, 1 — i 
6 6]] must be a root as well as 1 + i. So (z — 1 — i) and (z — 1 + i) 
must both be factors of z* — 4z° + 5z? — 2z — 2, and 


/3-i=2 


So : therefore so must be 
(/3 =i? =2° feos (—Z] + isin -*}| @=1-)@<14+)=27-2 Pe 
6 6 
Thus, 
Tl ae Tl 4 3 2 
= 8 cos -4) + isin (—¥}) Zz” — 42° + Sz* —2z —2 


= (z* — 2z + 2)(az* + bz +c) 
for some set of complex numbers a, b, c. That is, 
z* — 42° + §z* —2z—2 
= az* + (b — 2a)z> + (c — 2b + 2a)z2” 


(ii) Hence taking the square root, 


(B-9"= 8 (co oes 


+ isin ("2 =") + (2b — 2c)z + 2c. 
: Equating coefficients: 
for k = 0,1 g=1: 
= /8 (cos (—4n) + isin (—4n)), b—2a= —4,s0 b= —2; 
3m c —2b+ 2a=5 (thus c = —1); 
v8 [oo (=| — 7) 2b — 2c = —2 (checks); 


1 1 1 1 2c = —2 (checks). 
=./8|—-— i, /8|-— + — Il — me 
2 se 2 2 Putting in these values of a, b, c, we get the factorization 
=2—2i, —2+4+2i. (z* — 2z + 2)(z* — 2z — 1) =0. 
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Thus 

ge? = O or 2° —~ 22 —1= 0, 
16: 

z=1tiorz=1+,/2. 


So the quartic equation has two real roots, namely 1 + ./2 
and a pair of complex conjugate roots 1 + i. 


8. Uy = #(1 + i)? +301 — 9)” 
=—-iij1 
2 2 


u, =H1+ +40 -3) 
ee 

u, =3(1 + i)? + 4(1 — i) 
= 4(1+ 2i- 1) + 4(1 — 2i - 1) 
= 4(2i) + 4(—2i 
==); 

u, = >(1 + i)? + 3(1 — i)? 
= 4(1+ 3i-3 —i) + 4(1 — 31-3 +i) 
= $(—2 + 2i) + $(—2 — 2i) 
= —2. 

uw, =H1+)*+40-1* 
=4(11+4i-6-—414+ 1) +401 -— 41-6 + 41+ 1) 
= (-4) + —-4) 
= —4, 

us =3(1 + i)° + $(1 — i)? 
= 4(1+ 5i—10 —- 101+ 5 +i) 

+ (1 — Si— 10 + 103 + 5 — i) 

= 4(-—4 — 4i) + 4(-4 + 41) 
= —4. 

ug = 3(1 + 61 — 15 — 201 + 15 + 61 — 1) 

+70 — 6t— 15 2 — 1) 
= (81) + (81) 
hi 
Perhaps it is now becoming clear to you why the formula 


4(1 + i)" + 4(1 — i)” 


always yields a real number! As 1 — i is the complex 
conjugate of 1 + i, $(1 — i)" will be the complex conjugate of 
4(1 + i)", and when we add a complex number to its 
conjugate we obtain a real number. 
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9. tp = 2 cos0 = Px ial 


1 
u, = 2! cos = 2x —~=1 


we 
uy = 2! cos = 2 xs) eB 
3 1 
U3 = 23/2 cog — = 2/2 {-— = -2 
4 j2 
u, = 2?cosn = 4 x (-1) = —4 
5 1 
i= 25/2 cog = 4,/2 x |-— —' 
4 We 
3 
ls = Boos =8 i= 6. 


10. The auxiliary equation of the recurrence relation is 
x? —2x+4=0 
which has solutions 


ay ee ae i,/3 
2 : +t isin — 
= 2 |cos— + isin—}. 
Be 3 
So the general solution of the recurrence relation is 
u, = 2" [Acos + Bsin= 


We now use the initial conditions to find A and B. 


u, = 1 gives 
2°(A cos0 + Bsin0) = 1, 
1.€. 
Az, 
u, = 4 gives 
? (4 ne 4 Bsin=| = 4, 
3 3 
1.2. 
A+ B,/3=4., 
Thus 


B = ,/3. 


So the particular solution is 


nn nt 
u, = 2" |cos— + ,/3sin— |]. 
3 3 


Solutions to the exercises in Section 6 


1; 6 
Gy 546 
(iii) (2 + i)(4 — 5i) =8 — 1014 41 — 5?? 
= Se 6145 
oe 


2+i (2+ (4+5i) 
4—Si (4-94 4-5) 
- 8 4+40b 44i SE 3 + 141 


(iv) 


16 + 25 ened 
3 we 
oe Ges 
2 @) 2, 42,-723=01+040=—) -64+2 
= —2i. 


(ii) 2,2,2, = (1 + i)(2 ~ i)(3 + 2i) 
= (3 + i)(3 + 2i) 
= 7+ 9. 
(iii) 23 =(2—i)? =4-—414+7 
= 3 — 4i. 


Thus, 

. 3-4 (3 -4i)(1-i 
ee 
1+1 (1 + i)(1 — i) 
2 2 eee ee 
ee 
— 342i (34+21I)Q2-i 
(iv) ee 
2+i (2 + i)(2 — i) 

8+i ngs 

se =—+-i. 

4+1 5 5 


= —|, 
= i?) = (+1) ==4 


gi ei 


2 

3 

* = (i?) = i(-i) = —? =1, 
5 

°=i(?) =i) =? = -1. 
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5. (i) Using the binomial expansion, 
(1+i° =1+ 5i+ 107 + 107% + 5i* +7° 
=1+Si-10-—10i+5+i 
= —4—- 4j. 
(ii) From (i), 
(1 +i? = —4- 41. 
Taking the complex conjugate of both sides, 
(1 —i)P = —44 41. 


4+./16—20 4+./-4 
6. (i) eG not 


= 13. cos + isin] 
= sea re an 28 
2 Z, =2 me oe 
. ee 
eee 2 = £5 =2 (cos (-2) + isin (—2}} 
=i Thus 
eee b> i. : 
i He 22,22 cos ee gee! 
Gii) tae pe 6 6 es 
eS 2 | ee 2n |=) 51 
Z,/2, = | \cos—- + isin—| Se = 
(1+ 2i+./-34+41+4-4i 6 6 6 6 
= 2 Check: 
(1+2i)+1 242, = (—14./3i) = —./3 —4, 
7 and 
71 71 
=1+% or 4 Z34Z2 =2 cos = + isin) = — /3 —i 


za -l t/t Ci ee 
23 ee (./3 — i)(,/3 + i) 


ee aa. 
= 4 
v3 + _ 
23 
and 
a cos + a = a a 
23 6 2 
i+ J3 pu? cos% 4 isin] 
So 
10x 10 
(1 + ./3 i)*? = 2?° (cos — — isin o 
1 
7 ae v3; 
8. (0,0), (2,0), (0,3), (—4,0), (6, —5). SES 
y Real part is —512, imaginary part is — 512, /3. 
15. cos 58 + isin 50 
fen 2) : = (cos @ + isin @)° 


= cos’ 0 + Sicos* Osin@ + 10i7 cos? 6 sin? 0 
+ 10:3 cos? @ sin? 6 + 5i* cos Osin* 6 + i? sin? 6. 
Equating real parts, 
cos 59 = cos> 8 — 10cos? @sin? 6 + 5cos @sin* 0. 


16. Let C= je cosxdx and S= | e** sin x dx. 


Then 
The Cartesian coordinates are (1,0), (0,1), (0,1), (—2,0). C+iS$ = | ee dx 
el4 x dx 
10. [1,0], | V2.5 =| [1, 7]. | 
Alternative solutions with the angles differing by multiples of fo eis f 
2x from those given are also possible. = 


11. 2(cos (2k — 4)x + isin (2k — 4)z) for every integer value —— 


ark =a “aoa ta ee 
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_ otx([4 S oe 
Bee To ee 


1 
+1 eae _ 0084) + C. 
Thus, 
4 1 
S=e* 7sinx — 0053] + ¢, 
(where c, = Imc). 


17. cos 0 = s(e +e"), 
Thus 


oe ; 
cos* @ = 6 + e #4 


La ; 
= 0 ee te 


1 1 3 
= g 008 40 + 7008 20 + rs 


Thus, 


a2 
31 
ae 
18. (i) The phasor of 10cos [o» + 4 iS 


0 


| 


~ 2 1 
| cos* 6 d@ = | 55sin 40 + qsin 20 +-—6 


n/2 


0 


59 


aes 


Oe Ba + sin 
io 


Ae 
a = 


Or 


19x 19x 
z= $2 cos + isin ne 


21. They are the squares of the answers to Exercise 20, 


namely 


9 


cos 5 + sin = 725 


10 exp ie) =1 = o(? ap a 72 


= 5,/2+5,/2 2 


(ii) Ssin (x = 4 = 5 cos [ox + ; = 4 


22. Since the coefficients are real, z = 1 — iis also a root. 
Thus the expression factorizes into 
yo Ac* + 1127. — 142+ 10 
= (z — (1 + i))(z — (1 — i))(az* + bz +c) 
= (z? — 2z + 2)(az* + bz +c) 
= az* + (b — 2a)z> + (c — 2b + 2a)z” 


= Scos jat 2 
ee = 


So the phasor of 5 sin 


ee iS 
wot +—|1 
3 


5 exp (-i2] 3 sf 3 


19. The phasor of sin 4t is 
& we . 
x —_ J — = —_— 
p ) l, 


and the phasor of cos 4t is 1. 
Thus the phasor of sin 4t + cos 4t is 


1-—i= ./2exp -i5) 


So the amplitude is 72 and the phase is 7 1.€. 


sin 4t + cos 4t = ./2cos [4 — “| 


37 3 
20. -14i2 72 cos — + ige | 
4 4 
So the cube roots are 
4m + 2k 3 
z= Be: [cos =" 3 : + — — 


kD 72. 
So 


z= 72 cos + sin 


+ (2b — 2c)z + 2c. 

Equating coefficients: 

a= 1; 

b—2a= —-4, so b= -2; 

¢— 2b + 2a= 11, so -c=5; 

2b — 2c = —14 (checks); 

2c = 10 (checks). 
So the equation factorizes as 

(z* — 2z + 2)(z* —2z + 5)=0 
and the remaining roots are the roots of 

z*>—2z+5=0, 
that is, 1 + 2i. 
Thus the four roots are 


1+i, 1-i, 14+2%, 1-21. 
23. The auxiliary equation is 
x? — 4x + 13 =0, 
which has solutions 
A= 2 +31 
= ./13 (cos 0 + isin 0) 


where 


@ = arccos 


al 
Tp 
Thus the general solution is 
u, = 13"/*(Acosné + Bsinné) 
where A and B are real constants. 


gaa 4 
: | : 
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